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Calafiore,	Politecnico	di	Torino	Giuseppe	C.	In	1967,	Manuel	Capo	and	his	family	opened	a	furniture	store	in	Miami	called	El	Dorado,	named	for	the	boat	on	which	they’d	escaped	from	Cuba.	In	the	graph	of	Figure	3.18,	for	example,	nodes	{1,	2,	4	}	form	a	triangle.	leiagtlh	of	path	=	|xi|	+	1*21	x	=	[	Xl	‘	*2	0	1	•	Xi	Figure	2.10	Length	of	path	from	0	to
x	along	an	orthogonal	grid	is	|x\	|	+	|*21•	VE	C	T	O	R	S	A	N	D	F	U	N	C	T	I	O	N	S	29	Definition	2.1	A	function	from	A!	to	R	is	a	norm,	if	||x||	>	0	Vx	e	X,	and	||x||	=	0	if	and	only	if	x	=	0;	||x	+	y||	<	\\x\\	+	||y||,	for	any	x,y	e	A!	(triangle	inequality);	\\ocx\\	=	\oc\\\x\l	for	any	scalar	oc	and	any	x	E	X.	A	vector	x	in	R	n	can	be	viewed	as	a	point	in	that	space,
where	the	Cartesian	coordinates	are	the	components	xz;	see	Figure	2.1	for	an	example	in	dimension	3	.	Example	2.7	(The	arithmetic	mean,	the	weighted	mean,	and	the	expected	value)	The	arithmetic	mean	(or,	average)	of	given	numbers	X\,...,	xn,	is	defined	as	.	3.7.2	Non-polynomial	matrix	functions	Let	/	:	IR	-»	IR	be	an	analytic	function,	that	is,	a
function	which	is	locally	representable	by	a	power	series	CO	m	=	E	k=0	which	is	convergent	for	all	t	such	that	\t\	<	R,	R	>	0	.	Optimization	Models	Giuseppe	C.	Examples	of	norms	on	the	vector	space	A’	=	Rn	are	the	so-called	£p	norms,	defined	as	1	<	p	<	00.	We	recommend	to	begin	with	a	refresher	on	basic	XVI	PR	EFA	C	E	linear	algebra;	in	our
experience,	linear	algebra	is	more	difficult	to	teach	than	convex	optimization,	and	is	seldom	fully	mastered	by	stu	dents.	In	that	context,	the	initial	focus	of	the	90s	on	interior-point	methods	has	been	replaced	with	a	revisitation	and	development	of	earlier	algorithms	(mainly,	the	so-called	"firstorder"	algorithms,	developed	in	the	50s),	which	involve
very	cheap	iterations.	A	solution	to	the	corresponding	set	of	equations	is	found	if	the	op	timal	value	of	(1.5)	is	zero;	otherwise,	an	optimal	solution	of	(1.5)	provides	an	approximate	solution	to	the	system	of	linear	equations.	As	a	result,	the	classical	treat	ment	of	linear	algebra	leaves	out	concepts	that	are	crucial	for	under	standing	linear	algebra	as	a
building	block	of	practical	optimization,	which	is	the	focus	of	this	textbook.	l	6	O	PTIM	IZA	T	IO	N	MODELS	rithm,11	which	is	used	by	a	famous	search	engine	to	rank	web	pages,	relies	on	the	power	iteration	algorithm	for	solving	a	special	type	of	eigenvalue	problem.	Many,	if	not	most,	linear	algebra	textbooks	focus	on	abstract	concepts	and
algorithms,	and	devote	relatively	little	space	to	real-life	practical	examples.	Laurent	El	Ghaoui	is	a	Professor	in	the	Department	of	Electrical	Engineering	and	Computer	Science,	and	the	Department	of	Industrial	Engineering	and	Operations	Research,	at	the	University	of	California,	Berkeley.	Some	optimization	problems	come	in	the	form	of
maximization	(instead	of	minimization)	of	an	objective	function,	i.e..	In	the	web	depicted	in	Figure	3.8,	for	example,	the	scores	would	be	Xi	=	2,	*2	—	1/	*3	=	3,	X4	=	2,	so	that	page	k	=	3	appears	to	be	the	most	relevant	page,	whereas	page	k	=	2	is	the	least	important.	That	is,	r	_	^end	~	S	S	Whenever	the	rate	of	return	is	small	(r	-	1	+	£	riXi	=	rTx.	/=1
i=	1	i=1	The	rate	of	return	is	thus	the	standard	inner	product	between	the	vectors	of	individual	returns	r	and	of	the	portfolio	allocation	weights	x.	In	particular,	for	p	=	2	we	obtain	the	standard	Euclidean	length	and	for	p	=	1	we	obtain	the	sum-of-absolute-values	length	Mi	=	E	MJt=l	The	limit	case	p	=	00	defines	the	£00	norm	(max	absolute	value
norm,	or	Chebyshev	norm	)3	||x||oo	=	max	|^	|.	By	convention,	we	set	/o	to	be	a	constant	in	that	case,	to	reflect	the	fact	that	we	are	indifferent	to	the	choice	of	a.point	x,	as	long	as	it	is	feasible.	,an_\	£	]R	are	the	coefficients	of	the	polynomial.	non-tractable	problems	Not	all	optimization	problems	are	created	equal.	Calafiore	Politecnico	di	Torino
Laurent	El	Ghaoui	University	of	California,	Berkeley	Cambridge	UNIVERSITY	PRESS	C	a	m	b	r	id	g	e	UNIVERSITY	PRESS	University	Printing	House,	Cambridge	CB2	8BS,	United	Kingdom	Cambridge	University	Press	is	part	of	the	University	of	Cambridge.	A	simple	example	of	a	vector	space	is	X	—R	”,	the	space	of	n-tuples	of	real	numbers.	Markowitz
won	the	Nobel	prize	in	Economics	in	1990,	mainly	for	this	work.	While	Capo	died	in	2009,	his	sons	and	many	of	his	grandchildren	still	keep	the	company	alive	today.	,xn):	z\	—	gi(x),	i	=	1,	.	*	/f	9	Figure	1.11	Giuseppe	Lodovico	(Luigi)	Lagrangia	(1736-1813).	Example	1.2	(Protein	folding)	The	protein	folding	problem	amounts	to	pre	dicting	the	three-
dimensional	structure	of	a	protein,	based	on	the	se	quence	of	the	amino-acids	that	constitutes	it.	Corollary	3.1	Any	matrix	A	e	~Rn'n	is	similar	to	a	block-triangular	ma	trix	having	a	block	A*7^.	liu	.s	e/	jo	ha	nl	/y	al	m	ip	/	l8	O	PTIM	IZA	T	IO	N	M	ODELS	image	processing,	and	so	on.	Home	>	Optimization	Models	Emphasizing	practical	understanding
over	the	technicalities	of	specific	algorithms,	this	elegant	textbook	is	an	accessible	introduction	to	the	field	of	optimization,	focusing	on	powerful	and	reliable	convex	optimization	techniques.	By	definition,	for	every	w,	||Aw||p	<	||A||p||w||p.	That	is,	given	a	matrix	A	£	JRm'n,	write	this	matrix	as	the	product	of	two	or	more	matrices	with	special	structure.
Optimal	points	may	not	exist,	and	the	optimal	set	may	be	empty.	Sometimes,	the	constraints	of	the	prob	lem	are	described	abstractly	via	a	set-membership	condition	of	the	form	x	e	X,	for	some	subset	X	of	Rn.	The	corresponding	notation	is	P*	=	mi£	/o	(*)/	xeX	or,	equivalently.	The	set	of	vectors	y	obtained	as	a	linear	combination	of	the	az-s	are	of	the
form	y	—	Ax	for	some	vector	x	E	1Rn.	This	set	is	commonly	known	as	the	range	of	A,	and	is	denoted	1Z{A):	n{A)	=	{Ax	:	x	e	R	n}.	M	A	T	R	IC	E	S	(an	+	«12,	«2i	+	0,22)	67	Figure	3.7	Linear	mapping	of	the	unit	square.	The	nullspace	of	the	matrix	A	is	the	set	of	vectors	in	the	input	space	that	are	mapped	to	zero,	and	is	denoted	by	AT(A):	J\T(A)	=	{x	e	R
n	:	Ax	=	0	}	.	I	was	unable	to	find	a	list	of	errors	on	either	the	author's	or	the	publisher's	websites...The	weakest	sections	of	the	book	are	the	two	chapters	on	algorithms	(one	for	linear	algebra	and	one	for	convex	optimization).	In	other	words,	x	is	e-close	to	achieving	the	best	value	p*.	2	.2	.	1.3.1	Least	squares	and	linear	equations	A	linear	least-
squares	problem	is	expressed	in	the	form	m	(	n	mJn	>=1	\i	=1	ijxi	bi	(i-5)	where	A/y,	bi,	1	<	i	<	m,	1	<	;	<	n,	are	given	numbers,	and	*	E	IRn	is	the	variable.	cos#	x	{a)	XW	XM	x	(d)	1	*	*	*	x	{b)	O.0816	O	O	1	0.2582	O	*	1	0.7071	*	*	1	2.2.2.3	Cauchy-Schwartz	inequality	and	its	generalization.	The	advantage	here	is	that	the	objective	is	now
differentiable.	IN	T	R	O	D	U	C	TIO	N	15	which	is	central	in	optimization.	Hint:	use	Lemma	3.3.	2.	A	collection	of	orthonormal	vectors	S	forms	an	orthonormal	basis	for	the	span	of	S.	Note	that	vectors	need	not	be	only	two-	or	three-dimensional.	One	involves	solving	linear	algebra	problems	on	distributed	platforms;	here,	the	earlier	work	on	paral	lel
algorithms12	is	revisited	in	the	light	of	cloud	computing,	with	a	strong	emphasis	on	the	bottleneck	of	data	communication.	We	usually	write	22	O	PTIM	IZA	T	IO	N	M	ODELS	vectors	in	column	format:	xi	x2	x	xn	Element	X;	is	said	to	be	the	z-th	component	(or	the	z-th	element,	or	en	try)	of	vector	x,	and	the	number	n	of	components	is	usually	referred	to
as	the	dimension	of	x.	,k	<	n	be	the	distinct	eigenvalues	of	A	£	IRn,n.	The	following	is	an	example	of	a	3	x	3	symmetric	matrix:	4	3	/2	2	3	/2	2	5	/2	2	5	/2	2	The	set	of	symmetric	n	x	n	matrices	is	a	subspace	of	Kn'n,	and	it	is	denoted	by	Sn.	Example	4.1	(Edge	weight	and	Laplacian	matrices	of	a	graph)	Consider	an	(undirected)	graph	consisting	of	m	=	6
nodes	connected	by	n	=	9	arcs	(or	edges),	as	in	Figure	4.1.	Figure	4.1	An	undirected	graph	with	m	=	6	nodes	and	n	—	9	edges.	Methods	to	find	local	minima	were	proposed.	If	p(X)	<	R	(where	p(X)	is	the	spectral	radius	of	X),	then	the	value	of	the	matrix	function	/(X	)	can	be	defined	as	the	sum	of	the	convergent	series	00	/(X	)	=	£	akXk.	k=0	Moreover,
if	X	is	diagonalizable,	then	X	=	L7AL7-1,	and	/(X	)	00	/	00	\	=	£	akXk	=	U	£	akAk	I	T	1	k=0	\Jk=0	/	Wdiag	(/(A	j)......./(A„))	!i-1	=	Uf(	AjLT1.	The	cardinality	of	a	vector	x	is	often	called	the	£0	norm	and	denoted	by	\\x\\o,	although	this	is	not	a	norm	in	the	proper	sense,4	since	it	does	not	satisfy	the	third	property	in	Definition	2.1.	2.2.1.3	Norm	balls.	(3	-ii)
We	prove	(3.11)	by	contradiction:	let	v	=	dimA/*(AT),	and	suppose,	for	the	purpose	of	contradiction,	that	dimA/*(AT	+	pqT)	>	v	+	1.	,	a]n	denote	the	rows	of	A	£	K	m,n,	then	we	have	that	l	«	m	=	E	l	k	T	lli	i=l	therefore,	for	any	x	£	IRn,	it	holds	that	11-4*112	<	I|4	||f||x||2.	Show	that	the	fact	that	the	nullspace	of	B	is	contained	in	that	of	A	implies	that	the
range	of	BJ	contains	that	of	AJ	.	The	following	points	you	are	requested	to	prove	are	part	of	a	body	of	results	known	as	the	Perron-Frobenius	theory	of	non-negative	matrices.	Calafiore	is	an	Associate	Professor	at	the	Dipartimento	di	Automatica	e	Informatica,	Politecnico	di	Torino,	and	a	Research	Fellow	of	the	Institute	of	Electronics,	Computer	and
Telecommunication	Engineering,	National	Research	Council	of	Italy.	For	instance,	one	can	represent	as	a	vector	the	coordinates,	at	a	given	instant	of	time,	of	a	whole	swarm	of	m	robots,	each	one	having	coordinates	xW	=	(	x	^	x	^	)	,	i	=	1,	...,m	.	Another	difficulty	comes	from	the	fact	that	the	potential	energy	function	(which	the	actual	protein	is
minimizing)	is	not	exactly	known.	We	say	that	the	problem	is	attained	if	there	is	such	a	vector.5	5	In	the	optimization	problem	of	Ex	ample	1.1,	the	optimal	value	p*	=	-10.2667	is	attained	by	the	optimal	solution	x\	=	2,	x^	=	1.3333.	A	linear	combination	of	a	set	of	vectors	S	=	{	x	^	\	.	Show	that	P	is	orthogonal.	Of	course,	the	representation	is	not
faithful,	as	it	ignores	the	order	of	ap	pearance	of	words;	hence,	the	term	"bag-of-words"	associated	with	such	representations.	Part	I	is	on	linear	algebra.	0	App	where	the	matrices	An,	i	=	1,...,	p	are	square.	Exercise	3.11	(Non-negative	and	positive	matrices)	A	matrix	A	elRn'n	is	said	to	be	non-negative	(resp.	As	a	consequence,	we	always	have	the
bounds	0	<	rank(A)	<	min(m,n).	Among	the	most	frequently	encountered	matrix	norms,	we	find	the	Frobenius	norm:	||A	||	=	V	trace	A	A	T,	f	and	with	p	=	1,2,00,	the	^-induced,	or	operator,	matrix	norms	|A	||p	=	max	u\\p	y^O	3.6.2	||Aw||p	||	W||p	Frobenius	norm	The	Frobenius	norm	||	A||p	is	nothing	but	the	standard	Euclidean	(£2)	vector	norm
applied	to	the	vector	formed	by	all	elements	of	A	e	~Km'n:	A||p	=	V	trace	AAT	=	m	n	EE	'-1	;'=i	M	A	T	R	IC	E	S	85	The	Frobenius	norm	also	has	an	interpretation	in	terms	of	the	eigen	values	of	the	symmetric	matrix	AAT	(we	recall	that	the	trace	of	a	square	matrix	represents	the	sum	of	the	elements	on	the	diagonal,	as	well	as	the	sum	of	the
eigenvalues	of	that	matrix):	||A||f	=	Vtrace	A	A	T	m	£	>	(	a	a	t	).	Optimization,	more	precisely,	convex	optimization,	is	at	a	simi	lar	stage	now.	The	instructor	may	choose	to	emphasize	the	material	on	duality,	and	Chapter	12,	on	algorithms.	Once	such	a	factorization	is	obtained	we	can,	for	instance,	immediately	evaluate	the	rank	of	A,	which	is	just	the
number	of	nonzero	elements	on	the	diagonal	of	R.	Spe	cifically,	it	provides	a	measure	of	the	output's	variance,	when	inputs	are	random;	see	Exercise	3.9	for	details.	On	the	contrary,	for	some	other	classes	of	problems,	no	reliable	efficient	solution	algorithm	is	known.	We	hope	to	convey	the	idea	that,	in	terms	of	reliability,	a	certain	class	of	optimization
problems	should	be	considered	on	the	same	level	as	linear	algebra	problems:	reliable	models	that	can	be	confidently	used	without	too	much	worry	about	the	inner	workings.	A	second	motivation	is	to	respond	to	a	perceived	gap	in	the	offer	ing	in	linear	algebra	at	the	undergraduate	level.	In	research,	motivated	by	the	advent	of	very	large	datasets,	a
strong	effort	is	currently	being	made	towards	enabling	solution	of	extremely	large-scale	convex	problems	arising	in	machine	learning.	6	O	PTIM	IZA	T	IO	N	M	ODELS	Problems	with	set	constraints.	Thus,	TZ(At	)	and	Af(A)	are	mutually	orthogonal	subspaces,	i.e.,	J\f(A)J_	TZ{At	),	or,	equivalently,	A[(A)	=	TZ(At	)-l	.	If	we	assume	that	each	undirected
edge	between	nodes	i	and	)	is	assigned	a	weight	W[j	—wp,	1	<	i,j	<	m,	we	obtain	a	symmetric	matrix	W	G	Sm	of	edge	weights.	The	first	part	on	linear	algebra	starts	with	an	introduction,	in	Chapter	2,	to	basic	concepts	such	as	vectors,	scalar	products,	projec	tions,	and	so	on.	A	fundamental	result,	the	spectral	theorem,	shows	that	we	can	decompose
any	symmetric	matrix	as	a	three-term	prod	uct	of	matrices,	involving	an	orthogonal	matrix	and	a	real	diagonal	matrix.	Chap	ter	7	in	C.	(3	-12)	This	is	a	consequence	of	the	Cauchy-Schwartz	inequality	applied	to	\	a	j	x\:	m	\\Ax\\l	=E	i=	l	\	a	j	x	I2	m	<	E	IIof	II2IMI2	=	l|4	||£||x||i	/=1	Inequality	(3.12)	also	implies	that	the	Frobenius	norm	is	indeed
submultiplicative,	that	is,	for	any	B	£	IRn^,	it	holds	that	||AB||F	<	||A	||F||B||F.	From	now	on,	any	time	we	mention	a	vector	space,	we	tacitly	assume	that	this	vector	space	is	finite	dimensional.	We	included	machine	learning,	quantitative	finance,	control	design,	as	well	as	a	variety	of	examples	arising	in	general	engineering	design.	Also,	suppose	|A;|	<
1	for	all	z	except	for	one	(say,	without	loss	of	generality,	the	first	one),	for	which	we	89	90	O	PT	IM	IZ	A	T	IO	N	M	ODELS	have	Ai	=	1.	It	can	be	verified	by	elemen	tary	geometry	that	the	area	of	the	transformed	square	(i.e.,	of	the	parallelogram)	is	instead	equal	to	area	=	Idet	A	The	(absolute	value	of	the)	determinant	of	a	2	x	2	matrix	thus	gives	the
factor	by	which	the	area	(two-dimensional	measure)	of	the	input	unit	square	is	increased	or	decreased	when	passing	through	A.	The	operations	of	sum,	difference,	and	scalar	multiplication	are	defined	in	an	obvious	way	for	vectors:	for	any	two	vectors	having	equal	number	of	el	ements,	we	have	that	the	sum	1A1)	+	v	^	is	simply	a	vector	having	as
components	the	sum	of	the	corresponding	components	of	the	ad	dends,	and	the	same	holds	for	the	difference;	see	Figure	2.4.	Similarly,	if	v	is	a	vector	and	a:	is	a	scalar	(i.e.,	a	real	or	complex	number),	then	ccv	is	obtained	by	multiplying	each	component	of	v	by	oc.	Also,	we	can	readily	solve	for	the	unknown	x	a	system	of	linear	equa	tions	of	the	type
Ax	=	b,	as	further	discussed	in	Section	6.44.1.	In	terms	of	the	linear	map	defined	by	a	matrix	A,	a	factorization	can	be	interpreted	as	a	decomposition	of	the	map	into	a	series	of	successive	stages,	see,	e.g..	Boyd),	EE365	(S.	Each	distinct	eigenvalue	A/,	i	=	1,	.	Chapter	3	discusses	matrices	and	their	basic	proper	ties,	also	introducing	the	important
concept	of	factorization.	It	is	therefore	natural	to	introduce	a	notion	of	distance	between	vectors,	or	of	the	length	of	a	vector.	The	other	option	is	to	simply	look	at	the	list	of	stores	provided	on	the	“Our	Stores”	page.	2.1.2	xlO4	Vector	spaces	Seeing	vectors	as	collections	of	numbers,	or	as	points,	is	just	the	be	ginning	of	the	story.	Since	nonlinear
problems	are	hard,	Soviet	researchers	went	back	to	the	linear	programming	model,	and	asked	the	follow	ing	(at	that	point	theoretical)	question:	what	makes	linear	programs	easy?	Combinatorial	optimization	In	combinatorial	optimization,	variables	are	Boolean	(0	or	1),	or	more	generally,	integers,	reflecting	discrete	choices	to	be	made.	It	is	believed
that	many	of	the	early	Chinese	results	in	linear	algebra	gradually	found	their	way	to	Europe.	Accompanied	by	numerous	end-of-chapter	problems,	an	online	solu	tions	manual	for	instructors,	and	examples	from	a	diverse	range	of	fields	including	engineering,	data	science,	economics,	finance,	and	management,	this	is	the	perfect	introduction	to
optimization	for	both	undergraduate	and	graduate	students.	Strang,	Introduction	to	Linear	Algebra,	Wellesley-Cambridge	Press,	2009;	R.	We	use	the	same	concepts	introduced	when	studying	the	action	of	A	along	lines,	only	we	now	allow	for	a	slightly	more	general	perspective	by	viewing	A	as	a	linear	map	from	Cn	(the	space	of	complex	vectors	with	n
components)	into	itself.	These	packages	were	later	exported	into	parallel	programming	environments,	to	be	used	on	super-com	puters.	Example	2.2	(Temperatures	at	different	airports)	Assume	we	record	the	tem	peratures	at	four	different	airports	at	a	given	time,	and	obtain	the	data	in	Table	2.1.	We	can	view	the	triplet	of	temperatures	as	a	point	in	a
three-dimensional	space.	That	is,	the	Hessian	is	the	matrix	with	elements	given	by	.	Today,	only	a	few	experts	worry	about	the	actual	algorithms	and	techniques	for	solving	numerically	linear	systems	with	a	few	thousands	of	variables	and	equations;	the	rest	of	us	take	the	solution,	and	the	algorithms	underlying	it,	for	granted.	Finally,	the	fact	that	the
energy	function	is	usually	not	convex	N	Figure	1.8	Graph	of	energy	function	involved	in	protein	folding	models.	George	Dantzig,	working	in	the	1940s	on	Pentagon-related	logis	tical	problems,	started	investigating	the	numerical	solution	to	linear	inequalities.	We	have	drawn	in	particular	from	the	largely	influential	textbooks	listed	on	the	side.1	We	also
give	credit	to	the	excellent	course	material	of	the	courses	EE364a,	EE364b	(S.	Another	common	difficulty	is	that,	in	line	with	the	history	of	the	field,	most	textbooks	devote	a	lot	of	space	to	eigenvalues	of	general	matrices	and	Jordan	forms,	which	do	have	many	relevant	applica	tions,	for	example	in	the	solutions	of	ordinary	differential	systems.	The
linear	program	above	is	modified	to	r	(	n	mj	n	E	E	c	iixi	i=1	\M	2	+	n	;=1	CjXj	n	s.t.:	]T)	A	i	j	X	j	;=1	<	bi	,	i	—1,	,	m,	11	12	O	PT	IM	IZ	A	T	IO	N	M	ODELS	where	the	numbers	Qy,	1	<	/	<	r,	1	<	/	<	n,	are	given.	,	m}	.	The	maximum	variance	and	low-rank	approximation	problems	discussed	in	Section	1.3.2,	for	example,	are	non-convex	problems	that	can
be	reliably	solved	using	special	algo	rithms	from	linear	algebra.	Sra	developed	for	the	course	EE	227A	in	2012	at	UC	Berkeley.	H.	This	keeps	the	text	engaging	to	a	wide	audience.Unfortunately,	there	is	a	sprinkling	of	typos	throughout	the	book.	A	triangle	in	a	graph	is	defined	as	a	subgraph	composed	of	three	vertices,	where	each	vertex	is	reachable
from	each	other	vertex	(i.e.,	a	triangle	forms	a	complete	subgraph	of	order	3).	|x|)	denotes	the	matrix	(resp.	Without	entering	a	discussion	on	the	computational	complexity	of	optimization	problems,	we	shall	here	refer	to	as	"tractable"	all	those	optimization	models	for	which	a	globally	optimal	solution	can	be	found	numerically	in	a	reliable	way	(i.e.,
always,	in	any	problem	instance),	with	a	computational	effort	that	grows	gracefully	with	the	size	of	the	problem	(informally,	the	size	of	the	problem	is	measured	Figure	1.3	Local	(gray)	vs.	10	See	the	classical	reference	textbook:	G.	This	latter	equation	shows	that	in	order	for	{A,	u)	to	be	an	eigen	value/eigenvector	pair	it	must	happen	that:	(a)	A	makes
matrix	XIn	—	A	singular	(so	that	it	possesses	a	non-trivial	nullspace),	and	(b)	u	lies	70	O	PTIM	IZA	T	IO	N	MODELS	in	the	nullspace	of	\	l	n	—A.	i=l	Later	in	this	book	we	will	see	numerically	efficient	ways	to	check	the	independence	of	a	collection	of	vectors.	The	existence	of	local	optima	is	a	challenge	in	general	optimization,	since	most	algorithms
tend	to	be	trapped	in	local	minima,	if	these	exist,	thus	failing	to	produce	the	desired	global	optimal	solution.	where	/	0	=	-goFeasible	set.	Eigenvectors	belonging	to	dif	ferent	eigenspaces	are	linearly	independent,	as	formalized	next.	Prove	that	if	A	>	0	and	it	is	column	or	row	stochastic,	then	its	dominant	eigenvalue	is	A	=	1.	The	book	is	then	divided
into	three	parts,	as	seen	from	Table	1.	If	we	have	a	basis	{x	^	\	..	Capo	learned	the	furniture	trade	from	his	father,	Simon,	who	opened	his	own	furniture	retail	and	manufacturing	store	in	Cuba	before	Castro	took	over	all	private	enterprise.	Example	2.3	(Time	series)	A	time	series	represents	the	evolution	in	(dis	crete)	time	of	a	physical	or	economical
quantity,	such	as	the	amount	of	solar	radiation	or	the	amount	of	rainfall	(e.g.,	expressed	in	millimeters)	at	a	given	geographical	spot,	or	the	price	of	a	given	stock	at	the	closing	of	the	market.	2.2.2.2	Angle	between	vectors.	When	the	components	of	x	are	real	numbers,	i.e.	X;	£	1R,	then	x	is	a	real	vector	of	dimension	n,	which	we	indicate	with	the
notation	x	£	Rn.	We	shall	seldom	need	complex	vectors,	which	are	collections	of	complex	numbers	X;	£	C,	i	—	1	,...,	n.	The	frequency	vectors	are	r	1	3	2	r	1	1	"	0	0	,	0	3	TO	=	1	5	2	5	0	_	0	"	"	0	0	0	3	_	0	1	10	,	0	0	1	2	=	0	1	L	2	"	,	xw	=	0	Table	2.2	Cosine	of	angle	6	between	texts.	Locally	optimal	points	might	be	of	no	practical	interest	to	the	user.	Special
thanks	go	to	Daniel	Lyons,	who	reviewed	our	final	draft	and	helped	improve	our	presentation.	The	vector	representation	is	still	legible	if	we	have	more	than	one	triplet	of	temperatures,	e.g.,	if	we	want	to	trace	a	curve	of	temperature	as	a	func	tion	of	time.	Unfortunately,	protein	folding	problems	remain	challenging.	More	generally,	for	a	7^	0,	we	have
that	1	00	/	f	\	k	/	(	f)	=	(f	-	o')”	1	=	-	-	£	(	-	)	'	u	k=0	'	for	|f|	<	M	=	R,	hence	1	00	/	Y\	^	/(X)	=	(X	-	(rl)-1	=	-	-	E	(	-	)	,	for	p(X)	<	M	and	X	=	UAU	1	implies	that	(X	-	(7/)-1	=	U(A	-	c"/)—1	1	.	The	text	has	been	first	simplified	(e.g.,	plurals	removed,	verbs	converted	to	present	tense,	etc.)	and	then	compared	against	the	dictionary	V	=	{aid,	kill,	deal,	president,
tax,	china}.	Left/right	inverses	and	pseudoinverses	are	further	discussed	in	Sec	tion	5.2.3.	3.34	Similar	matrices	Two	matrices	A,B	e	Kn'n	are	said	to	be	similar	if	there	exists	a	non	singular	matrix	P	£	Kn,n	such	that	B	=	P_1AP.	The	birth	of	the	field	can	perhaps	be	traced	back	to	an	astronomy	problem	solved	by	the	young	Gauss.	The	spectral	theorem
also	allows	us	to	determine	when	a	quad	ratic	function	enjoys	an	important	property	called	convexity.	G.	Lewis,	Convex	Anal	ysis	and	Nonlinear	Optimization:	Theory	and	Examples,	Springer,	2006.	3.6.3	Operator	norms	While	the	Frobenius	norm	measures	the	response	to	random	inputs,	the	so-called	operator	norms	give	a	characterization	of	the
maximum	input-output	gain	of	the	linear	map	u	-»	y	=	Au.	Choosing	to	measure	both	inputs	and	outputs	in	terms	of	a	given	£p	norm,	with	typical	values	p	=	1,2,00,	leads	to	the	definition	||Aw|L	LA	L	=	max	-r.——1	=	max	Am	L,	t/7^0	||m||p	IM|=i	u	-------	*	x	A	Au*	Figure	3.15	A	matrix	as	an	operator.	=	...	It	can	be	shown4	that	the	rank	is	also	equal	to
the	number	of	linearly	independent	rows	of	A;	that	is,	the	rank	of	A	is	the	same	as	that	of	its	transpose	A	T.	First,	you	can	put	in	your	ZIP	code,	and	click	“find	your	store.”	The	website	will	take	you	to	the	page	for	the	closest	store	and	tell	you	how	many	miles	away	it	is.	Also,	a	block-diagonal	matrix	is	invertible	if	and	only	if	its	diagonal	blocks	are
invertible,	and	it	holds	that	-1	---	1	T1^	A(A)	=	A(An)	U	A(A22).	Tax	Deal	suggests	new	path	for	Obama.	Not	all	convex	problems	are	easy	to	solve,	but	many	of	them	are	indeed	computationally	tractable.	1An	This	formula	permits	us	to	easily	compute	the	inverse	of	a	rank-one	perturbation	of	A\\,	based	on	the	inverse	of	A\\	itself.	A	vector	x	£	X	is
orthogonal	to	a	subset	S	of	an	inner	product	space	X	if	x	_L	s	for	all	s	£	S.	lim^oo	Xk	=	X	^	0	if	and	only	if	|Az*|	<	1	/or	all	except	one	(possibly	repeated)	eigenvalue	A	=	1,	whose	corresponding	eigenspace	has	dimen	sion	equal	to	the	algebraic	multiplicity	of	A	=	1.	Most	of	these	textbooks	are	graduate-level,	and	indeed	contain	a	good	wealth	of
sophisticated	material.	In	our	ex	perience,	few	undergraduate	students,	for	instance,	are	aware	that	linear	algebra	forms	the	backbone	of	the	most	widely	used	machine	learning	algorithms	to	date,	such	as	the	PageRank	algorithm,	used	by	Google's	web-search	engine.	This	would	mean	that	u^2\	...,	mW	are	linearly	dependent,	hence	at	least	one	of
these	vectors,	say	without	loss	of	generality	u(2\	can	be	written	as	a	linear	combination	of	the	other	vectors	u^3\	...,	u^k\	At	this	point,	by	repeating	the	initial	reasoning,	we	would	conclude	that	also	1/3),...,	wW	are	linearly	dependent.	LP	and	QP	models	are	dis	cussed	in	Chapter	9.	Calafiore	is	an	Associate	Professor	at	Dipartimento	di	Automatica	e
Informatica,	Politecnico	di	Torino,	and	a	Research	Fellow	of	the	Institute	of	Electronics,	Computer	and	Telecommunication	Engineering,	National	Research	Council	of	Italy.	A	nonempty	subset	V	of	a	vector	space	X	is	called	a	subspace	of	X	if,	for	any	scalars	oc,	/3,	x,y	£	V	=>	ocx	+	fiy	e	V	.	A	given	document	d	may	then	be	represented	as	the	vector
x(d)	that	contains	as	elements	a	score,	such	as	the	relative	frequency,	of	each	word	in	the	dictionary	(there	are	many	possible	choices	for	the	score	function).	A	collection	x^l\	.	5	A	square	matrix	A	for	which	det	A	=	0	is	said	to	be	singular.	17The	graph	in	Figure	3.18	has	adja	cency	matrix	A	=	'	0	1	0	1	1	1	0	0	1	1	0	0	0	0	1	1	1	0	0	0	1	1	1	0	0	m	a	tr	ic	e
s	95	2.	First,	we	determine	the	gradient	at	a	point	*,	as	done	in	Example	2.14:	Vlse(*)	=	-	z	,	where	z	=	[e*1	•	•	•	e*"],	and	Z	=	z/.	dh	1	dxn	jf(x	0)	=	dfm	_	dx-[	y	—Ax	dfm_	dxn	.	Nemirovski,	Lec	tures	on	Modern	Convex	Optimization,	SIAM,	2001.	Matrix	norms	measure	"typical"	out	put	sizes.	dxi	..	Example	3.4	(	Action	of	a	square	matrix	on	lines)
Consider	the	following	2	x	2	matrix	A=	1.2	0.6	0.4	1	Figure	3.5	shows	how	points	x	along	an	input	direction	u	are	mapped	to	points	y	=	Ax	along	an	output	direction	which	forms	an	angle	0	U	with	u.	M	A	T	R	IC	E	S	93	Exercise	3.6	(Rank	and	nullspace)	Consider	the	image	in	Figure	3.17,	a	gray-scale	rendering	of	a	painting	by	Mondrian	(1872-1944).
Let	then	Vj	=	p\.	From	this	property	follows	that	any	operator	norm	is	sub-multiplicative,	that	is,	for	any	two	conformably	sized	matrices	A,	B,	it	holds	that	\\AB\\p	<	||A	y|B	||p.	Note	that	the	angle	of	rotation	6U	and	the	length	gain	j	u	are	constant	and	fixed	for	all	points	along	the	line	Lu.	To	see	this	fact,	consider	the	original	length	of	x,	as	measured
by	the	Euclidean	norm:	||x||2	=	|x|||w||2,	then	I2	=	\\Ax	\\2	=	|«|||Ah||2	=	«ll2	|a|	||W||2	=	7«ll*l|2,	where	we	set	j	u	—	||^	WI|2/	|	|	UI|2	to	represent	the	gain	in	the	direction	u.	Let	Vj	be	the	dimension	of	(pi	and	let	U^	=	[u^	•	•	•	Uy)]	be	a	ma	trix	containing	by	columns	a	basis	of	(pi.	For	completeness,	we	do	provide	two	chapters,	one	covering	basic
linear	algebra	algorithms,	and	another	one	extensively	dealing	with	selected	optimization	algorithms;	these	chapters,	however,	can	be	skipped	without	hampering	the	understanding	of	the	other	parts	of	this	book.	,zm),	and	each	z*	is	a	differentiable	function	of	n	variables	x	=	(xi,...	1	I	Linear	algebra	2	3	4	5	6	II	Convex	optimization	7	8	9	lO	n	12	III
Applications	13	14	15	16	Introduction	Vectors	Matrices	Symmetric	matrices	Singular	value	decomposition	Linear	equations	and	least	squares	Matrix	algorithms	Convexity	Linear,	quadratic,	and	geometric	models	Second-order	cone	and	robust	models	Semidefinite	models	Introduction	to	algorithms	Learning	from	data	Computational	finance	Control
problems	Engineering	design	Table	i	Book	outline.	Figure	1.7	Protein	folding	problem.	lim^oo	Xk	=	0	if	and	only	if	p{X)	<	1;	2-	LkLo	Xk	converges	if	and	only	if	p{X)	<	1	(in	which	case	the	limit	of	the	series	is	(7	—X)-1);	3.	Laurent	El	Ghaoui,	University	of	California,	Berkeley	Laurent	El	Ghaoui	is	a	Professor	in	the	Department	of	Electrical
Engineering	and	Computer	Science,	the	Department	of	Industrial	Engineering	and	Operations	Research,	and	the	Berkeley	Center	for	New	Media,	at	the	University	of	California,	Berkeley.	Here,	matrices	A,	B,	C,	are	given.	For	the	typical	values	of	p	=	l,2,oo,	we	have	the	following	results	(proofs	of	the	first	two	cases	are	left	to	the	reader	as	an
exercise).	Since	|	cos	6	\	<	1,	it	follows	from	equation	(2.3)	that	l*Tyl	<	IMI2II2/II2,	and	this	inequality	is	known	as	the	Cauchy-Schwartz	inequality.	De	scribe	in	simple	terms	what	these	matrices	look	like	with	respect	to	the	original	matrix	A.	This	problem	is	a	special	case	of	the	general	problem	(1.2),	in	which	the	functions	/;,	i	=	0,...,	m,	are	all	affine
(that	is,	linear	plus	a	constant	term).	||	M||2=	1	V	The	latter	identity	follows	from	the	variational	characterization	of	the	eigenvalues	of	a	symmetric	matrix,	see	Section	4.3.1.	Remark	3.2	It	is	possible	to	define	other	matrix	norms,	for	example	oper	ator	norms	where	different	norms	are	used	to	measure	input	and	output	sizes.	Prove	the	following	result:
for	positive	integer	k,	the	matrix	Ak	has	an	interesting	interpretation:	the	entry	in	row	i	and	column	j	gives	the	number	of	walks	of	length	k	(i.e.,	a	collection	of	k	edges)	leading	from	vertex	i	to	vertex	;.	From	a	slightly	more	abstract	perspective,	a	vector	space,	X,	is	obtained	by	equipping	vectors	with	the	operations	of	addition	and	multiplication	by	a
scalar.	The	availability	of	large	computers	made	that	research	possible	and	practical.	4	This	slight	abuse	of	terminology	is	justified	by	the	fact	that	card(x)	=	||x||o	=	lim	p--»0	EM	p	n	k=1	1/P	30	O	PT	IM	IZ	A	T	IO	N	MODELS	Figure	2.11	Norm	balls	in	R2.	Theorem	3.1	(Fundamental	theorem	of	linear	algebra)	For	any	given	matrix	A	E	Rm,n,	it	holds
that	J\f(A)±TZ(AT)	and	TZ(A)±.A	f	^	7	),	hence	N	(	A	)	®	n	(	A	T)	=	R”,	ft(A)©Af(AT)	=	R	m,	and	dim	J\f(A)	+	rank(A)	=	n,	(3-3)	dim	Ar(AT)	+	rank(A)	=	m.	The	set	of	all	vectors	with	£p	norm	less	than	or	equal	to	one,	Bp	=	{	x	e	R	n	:	\\x\\p	<	1},	is	called	the	unit	£p	norm	ball.	Projections	can	be	viewed	as	a	first	elementary	optimiza	tion	problem
(finding	the	point	in	a	given	set	at	minimum	distance	from	a	given	point),	and	they	constitute	a	basic	ingredient	in	many	processing	and	visualization	techniques	for	high-dimensional	data.	k	=	0	K-	Another	example	is	given	by	the	geometric	series	00	for	|f|	<	1	=	R,	/(f)	=	(	l	-	f	)	“	1	=	£	*	*	'	k=0	from	which	we	obtain	that	00	f(X)	=	(	I	-	X	)	~	1	=	£	x	*	,
k=0	for	p(X)	<	1.	Any	poly	nomial	p	£	Pn_!	is	uniquely	identified	by	a	vector	v	£	Kn	containing	its	coefficients	v	=	[an_	1	...	The	standard	inner	product	on	Rn	is	related	to	the	notion	of	angle	between	two	vectors.	To	see	this	fact,	let	b	\,...,b	v	denote	the	columns	of	B,	then	AB	=	[Ab\	•	•	•	Abp],	and	\\AB\\l	—	]	C	W	Abj\\2	^	]	C	I	I	^	I	I	f	I	I	^	H	I	—	I	I	^	I	I
f	I	I	^	I	I	f	;=1	;=1	The	Frobenius	norm	of	A	can	be	interpreted	in	terms	of	the	linear	map	associated	with	A:	u	-»	y	=	Au,	as	pictured	Figure	3.15.	=	(3.14)	Equation	(3.14)	states	in	particular	that	the	spectrum	(i.e.,	the	set	of	eigenvalues)	of	f(A)	is	the	image	of	the	spectrum	of	A	under	the	mapping	/	.	The	QR	decomposition	is	closely	related	to	the
Gram-Schmidt	orthonormalization	procedure,	and	it	is	useful	in	the	numerical	solution	of	linear	equations	and	least-squares	problems,	see	Sections	7.3	and	6.44.1.	3.5.2	Figure	3.12	Given	a	matrix	factoriza	tion	A	=	BCD,	the	linear	map	y	=	Ax	is	interpreted	as	the	series	connection	of	three	stages.	In	writing	this	book,	we	strove	to	strike	a	balance
between	math	ematical	rigor	and	accessibility	of	the	material.	3.3.6	det(AJ	-	B)	=	det(A7	-	P“	M	P)	=	det(P-	1	(A/	—A)P)	=	det(P“	1)	det(A7	-	A)	det(P)	=	det(A7	—j4	).	15	For	a	proof,	see,	for	instance.	In	the	field	of	mathematics,	the	60s	saw	the	development	of	convex	analysis,	which	would	later	serve	as	an	important	theoretical	basis	for	progress	in
optimization.	Some	of	these	eigenval	ues	can	indeed	be	"repeated"	roots	of	the	characteristic	polynomial,	hence	their	multiplicity	can	be	larger	than	one.	7See	Section	1.3,	Chapter	9,	and	sequent	chapters,	9	sub	10	O	PTIM	IZA	T	IO	N	M	ODELS	the	problem	max	*1*2*3	s.t.:	*;	>	0,	i	—	1,	2,	3,	*1*2	<	2,	*2*3	<	1	can	be	equivalently	written,	after	taking
the	log	of	the	objective,	in	terms	of	the	new	variables	zz	=	log*;,	i	=	1,	2,	3,	as	m	a	x	z	i	+	3	z	2	+	23	s.t.:	z	i	+	22	<	lo	g	2,	2z2	+	23	<	0.	The	actual	scoring	count	goes	then	as	follows:	each	page	7	has	a	score	Xj	and	nj	outgoing	links;	as	an	assumption,	we	do	not	allow	links	from	a	page	to	itself,	and	we	do	not	allow	for	dangling	pages,	that	is	pages	with
no	outgoing	links,	therefore	nj	>	0	for	all	7.	Figure	3.17	A	gray-scale	rendering	of	a	painting	by	Mondrian.	In	this	context,	similarity	between	two	documents	may	be	meas	ured	by	means	of	the	angle	6	between	the	two	frequency	vectors	rep	resenting	the	documents,	the	documents	being	maximally	"different"	when	the	corresponding	frequency	vectors
are	orthogonal.	The	optimal	set	is	the	sin	gleton	A'opt	=	{x*}.	However,	the	web	is	not	that	democratic,	since	the	relevance	of	a	page	typically	depends	on	the	relevance,	or	"authority"	of	the	pages	point	ing	to	it.	We	close	the	linear	algebra	part	in	Chapter	7,	with	a	short	overview	of	some	classical	algorithms.	Also,	as	||x||2	is	kept	constant	and	the
direction	u	sweeps	all	possible	directions,	x	moves	along	a	circle,	and	the	picture	shows	the	corresponding	locus	for	y	(which,	incidentally,	turns	out	to	be	an	ellipse).	2.4.5	Gradients	The	gradient	of	a	function	/	:	W1	—>	R	at	a	point	x	where	/	is	differ	entiable,	denoted	by	Vf(x),	is	a	column	vector	of	first	derivatives	of	/	with	respect	to	X	\	,	...,	xn:	?
dxjdxj'	The	Hessian	of	/	at	*	is	often	denoted	by	V2/(*).	Johnson,	Matrix	Analysis,	Cambridge	University	Press,	1990;	C.	The	notion	of	optimization	problems	was	crucial	to	the	develop	ment	of	theoretical	mechanics	and	physics	between	the	seventeenth	and	nineteenth	centuries.	Then,	the	u^s	are	linearly	independent.	Prove	that	if	A	>	0,	then	its
spectral	radius	p(A)	is	positive.	6See	Chapter	8.	N	orm	s	and	inner	products	2	.2	As	we	have	seen,	vectors	may	represent,	for	instance,	positions	of	ob	jects	in	space.	(3.9)	Rank-one	perturbations	A	special	case	of	Eq.	(3.9)	arises	when	A12	and	A21	are	vectors,	that	is,	when	a	rank-one	matrix	(i.e.,	a	dyad)	is	added	to	An.	Specifically,	for	A12	—	u	e	Mn/
Aji	=	v	£	IRn,	and	A22	=	—1,	the	above	formula	becomes	M	u	+	uv	)	=	An	-	■	-	l	w•	(3-io)	1	+	17T-.	Hint:	For	each	node	in	a	triangle	in	an	undirected	graph,	there	are	two	walks	of	length	3	leading	from	the	node	to	itself,	one	corresponding	to	a	clockwise	walk,	and	the	other	to	a	counter-clockwise	walk.	The	site	will	take	you	to	a	page	for	the	store	that
provides	important	information,	like	the	store’s	address,	hours	and	phone	number.	The	shape	of	this	set	completely	characterizes	the	norm.	Namely,	an	affine	set	is	a	set	of	the	form2	A	=	{x	e	X	:	x	=	v	+	2	We	shall	sometimes	use	the	short	hand	notation	A	=	+	V	to	denote	an	affine	set,	and	w	e	shall	refer	to	V	as	the	subspace	generating	A.	3.3.3	M
atrix	inverses	If	A	G	IRn,n	is	nonsingular	(i.e.,	det	A	^	0),	then	we	define	the	inverse	matrix	A-1	as	the	unique	n	x	n	matrix	such	that	A	A	-1	=	A	-	1A	=	I„.	Moreover,	for	a	matrix	with	upper	block-triangular	structure	Xu	X12	x	22	0	it	holds	that	Xu	G	R”1'”1/X22	G	R	n2,n2f	det	X	=	det	Xn	det	X22,	an	analogous	result	holds	for	lower	block-triangular
matrices.	It	may,	however,	be	use	ful	to	have	a	slightly	more	general	notion	of	length	and	distance	in	a	vector	space,	besides	the	Euclidean	one.	M-t	SfJtyV	l	I	—-	.	On	the	contrary,	the	same	vector	will	have	different	£\	norms,	reaching	its	smallest	value	when	aligned	to	the	coordinate	axes.	Another,	more	subtle,	situation	arises	when	X	is	nonempty,	but
the	optimal	value	is	only	reached	in	the	limit.	,	n.	row)	stochastic,	if	the	sum	of	the	elements	along	each	column	(resp.	Therefore	AjIVi	0	U®r	AQ®	q	Mj	a	u	M	(3-6)	which	proves	the	claim.	M	A	T	R	IC	E	S	83	where	V	£	IR'''"	and	U	C	IRm'm	are	orthogonal	matrices,	and	E=	E	0m—r,r	r	Qm—r,n—r	E	=	diag	(	0,	and	f(A	)	=	0	if	and	only	if	A	=	0;	.	Compute
the	total	output	variance	and	comment.	Therefore,	the	quadratic	function	can	be	written	as	the	sum	of	a	quadratic	term	involving	the	Hessian,	and	an	affine	term:	q(x)	=	^*t	H*	+	cTx	+	d,	Hessian	of	the	log-sum-exp	function.	A	point	x	is	said	to	he	feasible	for	problem	(1.2)	if	it	belongs	to	the	feasible	set	X,	that	is,	if	it	satisfies	the	constraints.	Aq]T
and,	conversely,	each	vector	v	£	lRn	uniquely	defines	a	polynomial	p	£	Pn-	1-	Moreover,	the	operations	of	multiplication	of	a	polynomial	by	a	scalar	and	sum	of	two	polynomials	correspond	respectively	to	the	operations	of	multiplication	and	sum	of	Figure	2.3	The	DJI	time	series	from	April	19	to	July	20,	2012.	Most	proofs	of	technical	statements	are
detailed	in	the	text,	although	some	results	XIV	PR	E	FA	C	E	are	provided	without	proof,	when	the	proof	itself	was	deemed	not	to	be	particularly	instructive,	or	too	involved	and	distracting	from	the	context.	For	example,	if	V	is	a	one-dimensional	subspace	generated	by	a	vector	x^l\	then	A	is	a	one-dimensional	affine	set	parallel	to	V	and	passing	through
x@\	which	we	refer	to	as	a	line,	see	Figure	2.8.	'	0	Figure	2.8	A	line	is	a	one-dimensional	affine	set.	If	oc	—	0,	then	ocv	is	the	zero	vector,	or	origin,	that	is,	a	vector	in	which	all	elements	are	zero.	Indeed,	take	any	basis	of	(pi	and	apply	the	Gram-Schmidt	procedure	(see	Section	2.3.3)	to	this	basis	to	obtain	an	orthonormal	basis	span	ning	the	same
subspace.	Here,	A	=	[a\	a^.	Also,	if	A	is	square	and	nonsingular,	then	(a	t	)	-	]	=	(a	-	1)7,	that	is,	the	order	of	transposition	and	inversion	is	exchangeable.	Example	2.12	(Gradient	of	a	nonlinear	function)	The	function	/	:	R2	->	R,	with	values	for	x	—	[x\	x	f^	\	f(x)	—sinxi	+	2x1*2	+	x2	has	partial	derivatives	K	(*)	—	COS	X	\	+	2*2/	dxi	a/	(*)	=	2*!	+	2*2/
3*2	hence	the	gradient	at	x	is	the	vector	V	/(x)	=	[cos	x1	+	2*2/	2*i	+	2*2]TExample	2.13	(Gradient	of	the	distancefunction)	The	distance	function	from	a	point	p	E	Rn	to	another	point	x	E	Rn	is	defined	as	Figure	2.26	Geometry	of	half-spaces.	IN	T	R	O	D	U	C	T	IO	N	13	1.3.6	Non-convex	optimization	Non-convex	optimization	corresponds	to	problems
where	one	or	more	of	the	objective	or	constraint	functions	in	the	standard	form	(1.2)	does	not	have	the	property	of	convexity.	V	E	CT	O	R	S	A	N	D	F	U	N	C	T	I	O	N	S	In	an	inner	product	space,	the	function	yj(x,x)	is	a	norm,	which	will	often	be	denoted	simply	by	||x||,	with	no	subscript.	A	non-negative	matrix	is	said	to	be	column	(resp.	Lemma	3.1	(Rank
of	rank-one	perturbation)	Let	A	£	lRm,n	and	q	£	Rm,	p	£	IR".	M	A	T	R	IC	E	S	they	are,	by	definition,	a	basis	of	O/.	,	xn),	with	scalings	given	by	the	elements	in	(zi,...,	zm).	f(ocA)	=	\oc\f{A);	•	f(A	+	B)	<	f(A	)	+	f(B).	See	the	License	for	the	specific	language	governing	permissions	and	limitations	under	the	License.	Example	2.8	(Comparing	text)	We	can
use	the	word-frequency	vector	rep	resentation	of	text	introduced	in	Example	2.1,	for	comparing	text	docu	ments.	In	the	present	case,	the	reader	may	simply	verify	that	the	correct	values	for	the	coeffi	cients	are	oc\	=	1.5,	0C2	=	—2,	a:3	=	1.5.	0	0	_	1_________	_______________	1	1	•	0	0	,	*P)	=	1------------------------	,	*(2)	=	1________________	’1	*	=	0	0	1	There
are,	however,	infinitely	many	other	bases	for	]R3.	Let	h	:	lRn	-»	Kk	be	the	composite	map	h	=	f	o	g,	with	values	h(x)	=	f{g{x))	for	x	£	lRn.	Show	that	the	derivatives	of	h	can	be	expressed	via	a	matrix-matrix	product,	as	Jh(x)	=	Jf(g(x))	'	Jgix),	where	Jh(x)	is	the	Jacobian	matrix	of	h	at	x,	i.e.,	the	matrix	whose	(i,j)	element	.	A	collection	of	vectors	S	=	{x^	\
...,	x	^	}	is	said	to	be	orthonormal	if,	for	i,j	—	1	,...,	d,	(x®,x®)	<	0	if	1	if	i	=	j.	.,x(m)}	forms	a	subspace,	which	is	called	the	subspace	generated	by	S,	or	the	span	of	S,	denoted	by	span(S).	3.5.1	Orthogonal-triangular	decomposition	(QR)	Any	square	A	£	can	be	decomposed	as	A	=	A	R	QR,	where	Q	is	an	orthogonal	matrix,	and	R	is	an	upper	triangular
matrix.	Dividing	each	entry	in	c	by	the	total	number	of	occurrences	of	words	in	the	list	(15,	in	this	example),	we	obtain	a	vector	x	=	[1/	3,	1/	5,	1/	5,	4	/	15]	of	relative	word	frequencies.	(°F)	Airport	SFO	ORD	JFK	55	32	43	24	O	PTIM	IZA	T	IO	N	M	ODELS	Figure	2.3	shows	for	instance	the	time	series	of	the	adjusted	close	price	of	the	Dow	Jones
Industrial	Average	Index,	over	a	66	trading	day	period	from	April	19,	2012	to	July	20,	2012.	7	IN	T	R	O	D	U	C	T	IO	N	Feasibility	problems.	row)	is	equal	to	one,	that	is	if	1TA	=	1T	(resp.	This	model	was	introduced	in	the	50s	by	H.	3.3	Determinants,	eigenvalues,	and	eigenvectors	As	we	have	seen,	any	matrix	A	represents	a	linear	map.	Nemirovski,
Interior-point	Polynomial	Algorithms	in	Convex	Programming,	SIAM,	1994.	If	A,	B	are	square	and	nonsingular,	then	it	holds	for	the	inverse	of	the	product	that	(AB)"1	=	B	-'A	-1.	,	k,	there	corresponds	a	whole	subspace	(pi	=	J\f(AiIn	—A)	of	eigenvectors	associated	with	this	eigenvalue,	called	the	eigenspace.	Three	loci	are	displayed	in	Figure	3.5,
corresponding	to	||xH2	=	1,	13,2	respectively.	A	clear	and	self-contained	introduction	to	linear	algebra,	accompanied	by	relevant	real-world	examples,	demonstrates	core	mathematical	concepts	in	a	way	that	is	easy	to	follow,	and	helps	students	to	understand	their	prac	tical	relevance.	You	can	even	shop	for	some	home	accessories,	like	clocks,	rugs,
mirrors,	candleholders,	wall	art	and	other	decor	items.History	of	El	Dorado	FurnitureAs	of	February	2019,	El	Dorado	Furniture	is	one	of	the	larger	and	more	well-known	Hispanic-owned	furniture	companies	in	the	United	States,	notes	the	retailer’s	website.	□	82	O	PT	IM	IZ	A	T	IO	N	MODELS	3	.5	M	a	trix	factorization	s	A	substantial	part	of
theoretical	and	numerical	linear	algebra	is	ded	icated	to	the	problem	of	matrix	factorizations.	Singular	value	decomposition	(SVD)	Any	nonzero	A	€	K	m,n	can	be	decomposed	as	=	UZVT,	■	Figure	3.13	Image	of	a	10	x	6	matrix,	and	its	QR	decomposition.	In	words,	S	is	orthonormal	if	every	element	has	unit	norm,	and	all	elements	are	orthogonal	to	each
other.	Such	a	problem	is	difficult	to	address	experimentally,	which	calls	for	computeraided	methods.	However,	this	is	impossible,	by	virtue	of	the	initial	statement	in	our	proof.	In	this	situation	\xTy\	achieves	its	maximum	value	|a|||x||2.	Pa	73	O	PTIM	IZA	T	IO	N	M	ODELS	B*;	denote	the	set	of	labels	of	the	pages	that	point	to	page	k,	i.e.,	B	is	the	set	of
backlinks	for	page	k.	Chapter	8	introduces	the	basic	concepts	of	con	vex	functions,	convex	sets,	and	convex	problems,	and	also	focuses	on	some	theoretical	aspects,	such	as	duality	theory.	Van	Loan,	Ma	trix	Computations,	IV	ed,	John	Hop	kins	University	Press,	2012.	A	clear	and	self-contained	introduction	to	linear	algebra	demonstrates	core
mathematical	concepts	in	a	way	that	is	easy	to	follow,	and	helps	students	to	understand	their	practical	relevance.…	Get	access	Presents	a	unified	treatment	of	optimization	methods	and	linear	algebra	Demonstrates	how	abstract	mathematical	concepts	are	relevant	to	modern	technology	Includes	four	detailed	chapters	demonstrating	the	practical
application	of	optimization	techniques	to	problems	in	machine	learning,	computational	finance,	control,	and	engineering	design	Review	the	options	below	to	login	to	check	your	access.	Also,	some	eigenval	ues	can	be	complex,	with	nonzero	imaginary	part,	in	which	case	they	appear	in	complex	conjugate	pairs.7	The	following	theorem	holds.	=	T	$	S°w	-
(i-3)	Such	problems,	however,	can	be	readily	recast	in	standard	minimiza	tion	form	by	observing	that,	for	any	g	o	,	it	holds	that	max	g0{x)	=	-	min	-#,(*)•	xeX	xeX	Therefore,	problem	(1.3)	in	maximization	form	can	be	reformulated	as	one	in	minimization	form	as	P*	=	mm/o(x),	XdA.	M	Such	problems	can	be	cast	as	least-squares	problems	of	the	form
(1.5).	Geometrically,	an	affine	set	is	a	flat	passing	through	x^°\	The	dimension	of	an	affine	set	A	is	defined	as	the	dimension	of	its	generating	subspace	V.	In	the	specific	case	of	arithmetic	mean,	each	sample	has	equal	weight	1/	n,	hence	p	=	-	1,	where	1	is	a	vector	of	all	ones.	VECTORS	A	N	D	F	U	N	C	T	IO	N	S	27	More	generally,	the	standard	basis	for
Rn	is	*(1)	=	elf	x(2)	=	e	2,	=	e„,	where	e,-	denotes	a	vector	in	Rn	whose	entries	are	all	zero,	except	for	the	f-th	entry,	which.is	equal	to	one;	see	Figure	2.7.	Figure	2.7	Standard	basis	of	R3	and	planes	generated	by	linear	combina	tions	of	(e\,e2)	and	of	(^2,^3).	1.2.4	Tractable	vs.	This	had	concrete	practical	con	sequences:	linear	programming	solvers
could	be	reliably	used	for	day-to-day	operations	(for	example,	for	airline	crew	management),	but	nonlinear	solvers	needed	an	expert	to	baby-sit	them.	This	time	series	can	be	viewed	as	a	vector	x	in	a	space	of	dimension	T	=	66.	where	x	^	=	(	x	^	\	x	^	)	,	i	=	1	m,	are	the	coordinates	of	each	robot	in	a	given	fixed	reference	frame.	3	for	instance,	x	is	a
vector	repre	sentation	of	a	time-series	(see	ExamPle	2*3X	then	||x||TOreturns	its	peak	amplitude.	Pedagogically,	I	think	that	it	makes	more	sense	to	focus	on	a	handful	of	fairly	general	purpose	algorithms	than	to	attempt	a	comprehensive	survey,	especially	for	a	first-time	learner.In	summary,	this	is	a	solid	book	for	an	introduction	to	convex
optimization	that	is	more	accessible	than	"Convex	Optimization"	by	Vandenberghe	and	Boyd.	64	O	PTIM	IZA	T	IO	N	M	ODELS	Similarly,	we	can	decompose	any	vector	w	£	Rm	as	the	sum	of	two	vectors	orthogonal	to	each	other,	one	in	the	range	of	A,	and	the	other	in	the	nullspace	of	At	:	w	=	Acp	+	£,	£	e	j	V	(	A	T	).	An	optimization	model	typically
requires	the	specification	of	a	quantitative	objective	criterion	of	goodness	for	our	decision,	which	we	wish	to	maximize	(or,	alterna	tively,	a	criterion	of	cost,	which	we	wish	to	minimize),	as	well	as	the	specification	of	constraints,	representing	the	physical	limits	of	our	de	cision	actions,	budgets	on	resources,	design	requirements	that	need	be	met,	etc.
Proof	Suppose	initially	that	u^	£	(pj	for	j	7^	i.	How	much	of	each	product	should	be	produced	for	maximum	profit?	R.	A	third	part	describes	a	few	relevant	applications	of	optimization.	Second,	optimization	has	been	used	as	a	model	of	compu	tation:	for	example,	finding	the	solution	to	linear	equations	can	be	formulated	as	a	least-squares	problem,	and
analyzed	as	such.	\	'(/I	)	—	v.	Conversely,	some	non-convex	problems	are	actually	easy	to	solve	(for	example	some	path	planning	problems	can	be	solved	in	linear	time),	but	they	constitute	some	sort	of	"exception."	Since	the	seminal	work	of	Nesterov	and	Nemirovski,	convex	op	timization	has	emerged	as	a	powerful	tool	that	generalizes	linear	al	gebra
and	linear	programming:	it	has	similar	characteristics	of	relia	bility	(it	always	converges	to	the	global	minimum)	and	tractability	(it	does	so	in	reasonable	time).	Problems	in	maximization	form.	With	today's	online	resources,	interested	readers	can	easily	find	relevant	material.	This	means	that	we	are	just	interested	in	finding	a	feasible	point,	or
determining	that	the	problem	is	infeasible.	Such	an	"irreducible"	set	is	called	a	basis	for	span(S),	and	the	number	d	of	elements	in	the	basis	is	called	the	dimension	of	span(S).	Usually,	numerical	algorithms	are	only	able	to	compute	suboptimal	solutions,	and	never	reach	true	optimality.	n	The	arithmetic	mean	can	be	interpreted	as	a	scalar	product:	-	X
—	p	T	X,	31	32	O	P	T	IM	IZ	A	T	IO	N	M	ODELS	where	x	=	[x\	,	...,	xn}T	is	the	vector	containing	the	numbers	(samples),	and	p	is	a	vector	of	weights	to	be	assigned	to	each	of	the	samples.	Shop	for	beds,	nightstands	and	dressers	for	your	bedroom.	Figure	2.11	shows	the	shapes	of	the	i?2,	B\,	and	Boo	balls	in	R2.	The	advantage	is	that	now	the	objective
and	constraint	functions	are	all	linear.	,	n,	its	z-th	column,	so	that	A	=	[a\	...	This	fact	actually	holds	for	generic	(i.e.,	possibly	rectangular)	matrices,	as	stated	next.	1.4.3	Advent	of	numerical	linear	algebra	With	computers	becoming	available	in	the	late	40s,	the	field	of	nu	merical	linear	algebra	was	ready	to	take	off,	motivated	in	no	small	part	by	the
cold	war	effort.	If	x	is	a	column	vector,	xT	denotes	the	corresponding	row	vector,	and	vice	versa."	The	row	vector	c	=	[5,	3,	3,	4]	contains	the	number	of	times	each	word	in	the	list	V	=	{vector,	elements,	of,	the}	appears	in	the	above	paragraph.	We	take	the	conven	tion	that	the	optimal	value	is	p*	=	+00	for	infeasible	minimization	problems,	while	p*	=
—00	for	infeasible	maximization	problems.	What	is	its	rank?	—,	j	e	B	k	ni	k	=	l,...,n.	Most	of	the	current	research	effort	in	the	field	of	numerical	linear	algebra	involves	the	solution	of	extremely	large	problems.	Figure	2.6	Plane	generated	by	linear	combinations	of	two	vectors	x^2\	26	O	PTIM	IZA	T	IO	N	MODELS	S,	say	the	last	one	x^m\	can	itself	be
written	as	a	linear	combina	tion	of	the	remaining	elements.	Finally,	we	show	that	many	important	properties	of	a	matrix	A	£	R	m,n,	such	as	the	range,	the	nullspace,	the	Frobenius,	and	the	spectral	norms,	can	be	studied	by	analyzing	the	related	symmetric	matrices	ATA	and	AAJ	.	The	feasible	set	may	be	empty,	if	the	constraints	cannot	be	satisfied
simultaneously.	If	A	£	Rm'n	is	rectangular,	with	m	>	n,	a	similar	decomposition	holds:	Ri	A=	Q	/	0m—n,n	where	Q	£	Rm,m	is	orthogonal,	and	Ri	£	1Rn,n	is	upper	triangu	lar,	see	Figure	3.13.	In	this	chapter,	we	provide	an	overview	of	the	main	concepts	and	building	blocks	of	an	optimization	problem,	along	with	a	brief	his	torical	perspective	of	the	field.
The	previous	findings	are	summarized	in	the	following	theorem.	Recalling	that,	by	the	fundamental	theorem	of	linear	algebra,	dim	TZ(	A)	+	dimJ\f(AT)	=	m,	the	previous	condition	is	also	equivalent	to	dim	Af(AJ	+	pqT)	<	dimA/"(AT)	+	1.	I	Linear	algebra	models	2	Vectors	and	functions	Le	contraire	dn	simple	nest	pas	le	complexe,	mais	lefaux.	8	See
Section	3.4.8	for	properties	of	block-triangular	matrices.	Prove	that	a	non-negative	matrix	A	maps	non-negative	vectors	into	non-negative	vectors	(i.e.,	that	Ax	>	0	whenever	x	>	0),	and	that	a	column	stochastic	matrix	A	>	0	maps	probability	vectors	into	probability	vectors.	VECTORS	A	N	D	F	U	N	C	T	IO	N	S	23	Example	2.1	(Bag-of-words
representations	of	text)	Consider	the	following	text:	"A	(real)	vector	is	just	a	collection	of	real	numbers,	referred	to	as	the	components	(or,	elements)	of	the	vector;	]Rn	denotes	the	set	of	all	vectors	with	n	elements.	Algorithms	identical	to	Gauss	elimination	for	solving	such	systems	appear	in	Chapter	8	of	the	trea	tise	Nine	Chapters	on	the	Mathematical
Art,	dated	around	100	CE.	The	previous	example	shows	that	in	vector	spaces	several	different	measures	of	"length"	are	possible.	Let	P2	Figure	3.8	A	small	web.	Many	of	the	popular	matrix	norms	also	satisfy	a	fourth	condition	called	sub-multiplicativity:	for	any	conformably	sized	matrices	A,	B	f(AB)	<	f(A	)f(B	).	Similarly,	for	all	points	x	E	H_,	we	have
that	aT	(x	—x	q	)	<	0,	see	Figure	2.26.	Al	though	we	sometimes	discuss	the	use	of	convex	optimization	to	find	approximate	solutions	to	such	problems,	this	book	does	not	cover	combinatorial	optimization	in	any	depth.	Consider	the	log-sum-exp	function	lse(*)	=	In	i=i	e*'.	Theorem	3.2	(Fundamental	theorem	of	algebra)	Any	matrix	A	£	lRn,n	has	n
eigenvalues	A*,	i	=	1,...,	n,	counting	multiplicities.	Via	the	scalar	product,	we	can	also	view	a	vector	as	a	linear	function.	Requiring	only	a	basic	understanding	of	geometry,	calculus,	probabil	ity	and	statistics,	and	striking	a	careful	balance	between	accessibility	and	mathematical	rigor,	it	enables	students	to	quickly	understand	the	mate	rial,	without
being	overwhelmed	by	complex	mathematics.	We	favored	"opera	tive"	definitions	over	abstract	or	too	general	mathematical	ones,	and	practical	relevance	of	the	results	over	exhaustiveness.	For	example,	for	Rn	equipped	with	the	standard	inner	product,	we	have	||*||	=	\J	(x,x)	=	||*||2.	,	m,	are	all	scaled	version	of	the	same	vector	(	xi	,	.	^	0	1	1	The
inverse	of	a	nonsingular	block-triangular	matrix	can	be	expressed	as	follows:	-1	0	An	A2i	a	22	A22	^21^1	^22	-1	An1	—Ah1Ai	2A221	An	A\2	0	a	22	1	CM	O	__	1	Both	these	formulas	can	be	proved	by	checking	directly	that	AA~X—	I	and	A	-1	A	=	I,	which	are	the	properties	defining	unequivocally	the	inverse	of	a	matrix.	Extending	the	scope	of	linear
algebra	(linear	equali	ties)	to	inequalities	seemed	useful,	and	his	efforts	led	to	the	famous	simplex	algorithm	for	solving	such	systems.	Figure	2	4	The	sum	of	two	vec	tors	z	/1)	=	[z;^	•	•	•	v	^	]	,	z/2)	=	.,(2)	-	•	■v	^	]	is	the	vector	v	=	/1	v	0	)	_|_	v	{2)	having	components	[z;^	+	j,(i)	un	VECTORS	A	N	D	FU	N	C	T	IO	N	S	25	the	corresponding	vector
representations	of	the	polynomials.	/	-	f	(	xo)	+	V	/(x	0)T(x	-	*o)	+	\	(	x	-	xo)TV2/(xo)(x	-	x0),	where	V2/(xq)	is	the	Hessian	matrix	at	xq,	defined	as	xi	n	V	2/	(	*	o	)	=	d2f	dxndxi	X=X0	In	this	case,	/	is	approximated	locally	via	a	quadratic	function	defined	via	the	Hessian	matrix	V2/(xq).	In	our	joint	treatment	of	linear	algebra	and	optimization,	we	em	phasize
tractable	models	over	algorithms,	contextual	important	ap	plications	over	toy	examples.	Show	that	the	Jacobian	of	h(x)	=	f(g(x))	is	Jh(x)	=	Jf	(g(x))	■A.	D.	Con	sider	the	linear	map	y	=	Ax	mapping	lRn	into	itself.	A	>	0)	is	used	to	denote	non-negative	(resp.	Similarly,	a	vector	x	G	IRn	is	said	to	be	non-negative	if	x	>	0	(element-wise),	and	it	is	said	to	be	a
probability	vector,	if	it	is	non-negative	and	1Tx	=	1.	,k,	denote	the	corresponding	algebraic	multiplicities,	and	let	(pi	=	J\f(AiIn	—A).	For	these	reasons,	most	of	the	students	in	engineering,	economics,	and	science	in	general,	will	probably	find	it	useful	in	their	professional	life	to	acquire	the	ability	to	recognize,	simplify,	model,	and	solve	problems
arising	in	their	own	endeavors,	while	only	few	of	them	will	actually	need	to	work	on	the	details	of	numerical	algo	rithms.	The	term	globally	optimal	(or	optimal,	for	short)	is	used	to	distin	guish	points	in	the	optimal	set	Xopt	from	local	optima.	A	high	value	of	cos	0	suggests	a	high	correlation	between	the	two	texts,	while	a	cos#	near	zero	means	that	the
two	texts	are	nearly	orthogonal	(uncorrelated).	The	jet	fuel	is	delivered	to	an	airfield	10	miles	from	the	refinery,	while	the	gasoline	is	transported	30	miles	to	the	distributor.	The	angle	between	x	and	y	is	therefore	defined	via	the	relation	cos	6	=	xTy	jclbllylb'	(2	-3)	When	xTy	—	0,	the	angle	between	x	and	y	is	(9	—	±	90°,	i.e.,	x,y	are	orthogonal.	The	(a,
b)	terms	of	/	thus	have	the	following	interpretation:	b	=	/(0)	is	the	constant	term,	referred	to	as	the	bias,	or	intercept	(it	corresponds	to	the	point	where	the	graph	of	/	crosses	the	vertical	axis);	the	terms	aj,	j	=	1,...	Our	gratitude	also	goes	to	Phil	Meyler	and	his	team	at	Cambridge	University	Press,	and	especially	to	Elizabeth	Horne	for	her	technical
support.	Example	2.14	(Gradient	of	the	log-sum-exp	function)	The	log-sum-exp	func	tion15	lse	:	Rn	—	>	R	is	defined	as	lse(x)	=	In	E	V=1	The	gradient	at	x	of	this	function	is	Vlse(x)	=	-	15	This	function	appears	in	the	objec	tive	of	an	important	class	of	learn	ing	problems	called	logistic	regres	sion,	as	discussed	in	Section	13.3.5.	It	also	appears	in	the
objective	and	constraints	of	the	so-called	geomet	ric	programming	models,	discussed	in	Section	9.7.2.	where	z	=	[e*1	•	•	•	ex”]T,	and	Z	=	£	”=1	z-v	24.5.1	Chain	rule	for	the	gradient.	You	can	also	browse	and	save	your	favorite	items	for	later	or	so	you	can	look	for	them	in	stores.	By	angle-invariant	direction	we	here	mean	a	direction	such	that	when
the	input	point	x	is	along	this	direction,	then	the	output	point	y	is	also	along	the	same	direction.	2	.1	2.1.1	Vector	basics	Vectors	as	collections	of	numbers	Vectors	are	a	way	to	represent	and	manipulate	a	single	collection	of	numbers.	There	are	some	vector	spaces	that	are	infinite	dimensional	(one	such	exam	ple	is	the	space	of	polynomials	with
unspecified	degree).	5.	Similar	matrices	are	related	to	different	representations	of	the	same	linear	map,	under	a	change	of	basis	in	the	underlying	space.	Define	the	total	output	variance	as	E{||y	—yll^},	where	y	=	E{y}	is	the	output's	expected	value.	Then,	the	Hessian	at	a	point	*	is	obtained	by	taking	derivatives	of	each	component	of	the	gradient.
Optimal	set.	The	same	concept	extends	to	generic	dimension	n,	whence	it	can	be	proved	that	A	£	Kn,n	is	singular	det	A	=	0	J\f(A)	is	not	equal	to	{0	}.	positive)	if	>	0	(resp.	In	other	words,	if,	at	the	beginning	of	the	period,	we	invest	a	sum	S	in	the	asset,	we	will	earn	Sencj	=	(1	+	r)S	at	the	end	of	the	period.	Golub	and	C.	,	k,	we	have	that	=	A	7	=	1,	.	68
O	PTIM	IZA	T	IO	N	MODELS	We	finally	recall	that	the	following	identities	hold	for	any	square	matrices	A,	B	e	IRn,n	and	scalar	oc\	det	A	=	det	AT	det	AB	=	det	BA	=	det	A	det	B	det	a:A	=	ocn	det	A.	A	simple	initial	idea	would	be	to	assign	the	score	to	any	page	k	according	to	the	number	of	other	web	pages	that	link	to	the	considered	page	(backlinks).
3.3.1	Action	of	a	matrix	along	lines	We	start	by	asking	how	does	a	linear	map	A	act	on	lines	through	the	origin	(one-dimensional	subspaces).	Sometimes,	we	use	the	notation	x	—	(x	i,..	Convex	models	provide	a	reliable,	practical	platform	on	which	to	build	the	development	of	reliable	problem-solving	software.	•	We	do	not	emphasize	general	non-convex
models,	but	we	do	illus	trate	how	convex	models	can	be	helpful	in	solving	some	specific	non-convex	ones.	Several	textbooks	have	appeared	in	recent	years,	in	response	to	the	growing	needs	of	the	scientific	community	in	the	area	of	convex	optimization.	6	Note	incidentally	that	A	and	A	J	have	the	same	eigenvalues,	since	the	determinant	of	a	matrix	and
that	of	its	transpose	coincide.	The	next	example	helps	in	visualizing	the	concept	via	a	simple	numerical	experiment.	D	edicated	to	m	y	parents,	and	to	Charlotte.	If	the	matrix	is	square,	i.e.	A	£	Kn,n,	then	it	represents	a	linear	map	from	R	n	into	itself.	x).	.	Since	AIn	—A	is	singular	if	and	only	if	its	determinant	is	zero,	eigenvalues	can	be	easily
characterized	as	those	real	or	complex	numbers	that	satisfy	the	equation6	det(A/„	-	A)	=	0	.	Proof	We	next	show	that	rank(A)	<	rank(A	+	q	p	T	)	+	1;	the	sym	metric	condition	rank(A	+	qpT	)	<	rank(A)	+	1	can	be	proved	via	an	identical	argument,	exchanging	the	role	of	the	A	and	A	+	qpT	matrices.	It	can	then	be	checked	directly	that	/V♦	A	J	W	i	=	A	T
V	j	+	1	-----	l—	A	J	V	i	=	-	a	i	+	i	p	+	0Li	+	i	p	=	0,	i=	+	ai	We	would	then	have	v	+	1	linearly	independent	vectors	w,	belonging	to	the	nullspace	of	AJ,	which	is	a	contradiction,	since	dim	.	In	general,	such	problems	are	very	hard	to	solve.	2.2.1.2	Norms	and	£p	norms.	2	Inner	product,	angle,	orthogonality	2.2.2.1	Inner	product.	z.i.z.6	Affine	sets.	These
developments	parallel	those	that	have	paved	the	success	of	numerical	linear	algebra.	By	construction,	the	range	is	a	subspace.	Since	P	£	Kn,n	is	nonsingular,	its	columns	are	linearly	independent,	hence	they	represent	a	basis	for	lRn.	Vectors	x	and	y	can	thus	be	represented	in	this	basis	as	linear	combinations	of	the	columns	of	P,	that	is	there	exist
vectors	x,	y	such	that	x	=	Px,	y	=	Py.	Writing	the	relation	y	=	Ax,	substituting	the	representations	of	x,	y	in	the	new	basis,	we	obtain	Py	—APx	=>	y	=	P-1APx	=	Bx,	that	is,	matrix	B	=	P~*AP	represents	the	linear	map	y	=	Ax,	in	the	new	basis	defined	by	the	columns	of	P.	We	shall	further	discuss	a	special	class	of	symmetric	matrices,	called	positive
semidefinite	ma	trices,	that	play	a	relevant	role	in	optimization	models.	•	The	book	includes	many	real-world	examples,	and	several	chap	ters	devoted	to	practical	applications.	With	the	advent	of	massive	data	sets,	optimization	is	now	viewed	as	a	crucial	component	of	the	nascent	field	of	data	science.	This	is	also	true	for	other	specific	optimization
models	we	treat	in	this	book,	such	as	the	geo	metric	programming	(GP)	model	discussed	in	Chapter	9,	the	secondorder	cone	programming	(SOCP)	model	covered	in	Chapter	10,	and	the	semidefinite	programming	(SDP)	model	covered	in	Chapter	11.	Part	II	on	optimization	models,	and	Part	III	discusses	selected	applications.	IN	T	R	O	D	U	C	T	IO	N
1.3.2	Low-rank	approximations	and	maximum	variance	The	problem	of	rank-one	approximation	of	a	given	matrix	(a	rectangular	array	of	numbers	Aq,	1	<	i	<	m,	1	<	;	<	n)	takes	the	form	The	above	problem	can	be	interpreted	as	a	variant	of	the	least-squares	problem	(1.3),	where	the	functions	inside	the	squared	terms	are	non	linear,	due	to	the
presence	of	products	between	variables	ZjXj.	A	small	value	of	the	objective	means	that	the	numbers	Aq	can	be	well	approximated	by	ZjXf.	Hence,	the	"rows"	(An,...,	Ajn),	i	=	1,	.	P	Bertsekas	(with	A.	Meyer,	Matrix	Analy	sis	and	Applied	Linear	Algebra,	SIAM,	2001.	Consider	a	nonzero	vector	w	£	1Rn	and	the	line	passing	from	the	origin	through	u,	that
is	the	set	Lu	=	{x	=	ecu,	oc	£	R}.	Suppose	for	instance	that	for	going	from	0	to	1	we	cannot	move	along	the	direct	route,	but	we	have	to	follow	some	path	along	an	orthogonal	grid,	as	exemplified	in	Figure	2.10.	In	R	n,	the	subspace	generated	by	a	singleton	S	=	is	a	line	passing	through	the	origin;	see	Figure	2.5.	The	subspace	generated	by	two	non-
collinear	(i.e.,	such	that	one	is	not	just	a	scalar	multiple	of	the	other)	vectors	S	=	is	the	plane	passing	through	points	O	,^1),;^2);	see	Figure	2.6	and	Figure	2.7.	More	generally,	the	subspace	generated	by	S	is	a	flat	passing	through	the	origin.	In	dimension	larger	than	two,	the	determinant	can	be	uniquely	defined	as	the	only	real-valued	function	of	an
n	x	n	matrix	such	that:	Figure	3.6	Input	directions	wh)/W(2)	that	are	angle-invariant	under	A.	Two	equivalent	formulas	also	exist	for	the	inverse	of	a	nonsingular	full	block	matrix	(3.8).	1.3.5	Figure	1.4	A	convex	function	has	a	"bowl-shaped"	graph.	Then,	the	line	through	%o	along	direction	u	is	the	set	L	=	{x	e	X	:	x	=	X	o	+	v,	v	e	sp	a	n	(w	)},	w	h	e	re	in
this	case	span(w	)	=	{A	u	:	A	E	IR}.	Nedic,	A.	Indeed,	the	art	termed	fangcheng	(often	translated	as	"rectan	gular	arrays")	was	used	as	early	as	300	BC	to	solve	practical	problems	which	amounted	to	linear	systems.	Students	and	practitioners	will	learn	how	to	recognize,	simplify,	model	and	solve	optimization	problems	-	and	apply	these	principles	to
their	own	projects.	If	you	believe	you	should	have	access	to	this	content,	please	contact	your	institutional	librarian	or	consult	our	FAQ	page	for	further	information	about	accessing	our	content.	Example	2.4	(Vector	representation	of	polynomials)	The	set	of	real	polyno	mials	of	degree	at	most	n	—1,	n	>	1,	is	Pn-1	—	{p	:	p(t)	—an-ltn	1	+	an-ltn	2	+	’	’	’	+
Cl\t	+	Uq,	f	G	]R},	where	a§,...	Most	of	these	are	easily	spotted	by	a	vigilant	reader,	but	I	think	they	would	occasionally	seriously	hinder	a	first-time	learner	of	the	material.	Temp.	Today,	the	field	is	at	the	intersection	of	many	disciplines,	ranging	from	statistics,	to	dynamical	systems	and	control,	complexity	theory,	and	algorithms.	Now,	since	=	]i[	for
all	/,	then	Y$=i	vi	=	E?=i	^	=	w,	hence	matrix	li	is	full	rank,	and	thus	invertible.	For	such	a	course,	we	would	exclude	the	chapters	on	algo	rithms,	both	Chapter	7,	which	is	on	linear	algebra	algorithms,	and	Chapter	12,	on	optimization	ones.	Around	1750,	Maupertuis	introduced	(and	later	Euler	formalized)	the	principle	of	least	action,	according	to
which	the	motion	of	natural	systems	could	be	described	as	a	minimiza	tion	problem	involving	a	certain	cost	function	called	"energy."	This	optimization-based	(or,	variational)	approach	is	indeed	the	founda	tion	of	classical	mechanics.	Then,	show	that	if	A	>	0	and	A/,	V[	is	an	eigenvalue/eigenvector	pair	for	A,	then	|Az-11i7z-1	<	A\v{\.	•	The	£\	-induced
norm	corresponds	to	the	largest	absolute	column	sum:	m	\\A\\i	=	max	||Aw||i	=	_max	Y2	\aii\IMIi~i	j~	z_i	•	The	^oo-induced	norm	corresponds	to	the	largest	absolute	row	sum:	n	||A||oo	=	max	||A	w	||oo	—	max	\aii\||m||oo=1	i=1/-/Wy=i	•	The	£2-induced	norm	(sometimes	referred	to	as	the	spectral	norm)	corresponds	to	the	square-root	of	the	largest
eigenvalue	Amax	of	||A||2	=	max	||Au||2	=	\/Amax(.ATA).	Figure	2.25	Half-space.	Today,	it’s	a	company	with	hundreds	of	employees	and	multiple	stores	across	Florida.	More	precisely,	we	say	that	A	£	C	is	an	eigenvalue	of	matrix	A	£	]Rn,n,	and	u	£	Cn	is	a	corresponding	eigenvector,	if	it	holds	that	Au	=	Xu,	or,	equivalently,	w	/	0,	(.XIn	—A)u	=	0,	w	/	0.
President	Obama	agreed	to	a	tentative	deal	to	extend	the	Bush	tax	cuts,	part	of	a	package	to	keep	jobless	aid	and	cut	payroll	taxes.	Many	other	more	sophisticated	examples	and	applications	will	be	discussed	throughout	the	book.	After	a	series	of	ground-breaking	works	on	computer	algorithms	in	the	late	80s,	user-friendly	platforms	such	as	Matlab	or
R,	and	more	recently	Python,	appeared,	and	allowed	gen	erations	of	users	to	quickly	develop	code	to	solve	numerical	probOptimization	refers	to	Xll	PR	EFA	C	E	lems.	A	catalogue	record	for	this	publication	is	available	from	the	British	Library	ISBN	978-1-107-05087-7	Hardback	Internal	design	based	on	tufte-latex.googlecode.com	Licensed	under	the
Apache	License,	Version	2.0	(the	“License”);	you	may	not	use	this	file	except	in	compliance	with	the	License.	What	is	the	nullspace	of	the	matrix?	We	will	refer	to	A	as	the	"link	matrix"	for	the	given	web.	El	Dorado	has	a	large	selection	of	leather	furniture	and	sofas,	chairs	and	accent	furniture	for	your	living	room.	,	k,	has	an	associated	algebtaic
multiplicity	\i{	>	1,	defined	as	the	number	of	times	the	eigen	value	is	repeated	as	a	root	of	the	characteristic	polynomial.	Least-squares	problems	arise	in	many	situations,	for	example	in	statistical	estimation	problems	such	as	linear	regression.8	An	important	application	of	least	squares	arises	when	solving	a	set	of	linear	equations.	In	writing	this	book,
however,	we	have	been	inspired	by,	and	we	are	indebted	to,	the	work	of	many	authors	and	instructors.	,k	<	n,	be	the	distinct	eigenvalues	of	A	e	Kn'n,	let	,	i	—	1,...	A,	v	£	V},	where	x	is	a	given	point	and	V	is	a	given	subspace	of	X.	We	observe,	for	instance,	that	the	£2	norm	does	not	"favor"	any	direction	in	space,	i.e.,	it	is	rotationally	invariant,	meaning
that	a	vector	of	fixed	length	that	rotates	arbitrarily	will	maintain	the	same	£2	norm.	When	A	is	applied	to	a	vector	x	£	R	n	belonging	to	Lu,	it	transforms	it	into	an	output	vector	y	£	R	77:	y	=	Ax	=	ccAu.	We	shall	next	show	that	the	effect	of	A	on	any	point	x	£	Lu	is	to	rotate	the	point	by	a	fixed	angle	6U,	and	then	to	shrink/amplify	the	M	A	T	R	IC	E	S	65
length	of	x	by	a	fixed	amount	y	u.	To	under	stand	this,	we	first	examine	how	we	can	define	some	basic	operations	between	vectors,	and	how	to	generate	vector	spaces	from	a	collection	of	vectors.	In	other	words,	the	angle	9	U	is	zero	(or	±	180°)	for	these	special	input	directions;	see	Figure	3.6.	In	the	current	example,	these	invariant	directions	are
described	by	the	vectors	u(i)	=	1	1	2	1	-	1.5	The	action	of	A	on	points	x	lying	along	an	invariant	direction	u	is	indeed	very	simple:	A	acts	as	a	scalar	multiplication	along	these	lines,	that	is	Ax	=	kx,	for	some	scalar	A.	It	is	applied	to	a	widening	array	of	contexts,	includ	ing	machine	learning	and	information	retrieval,	engineering	design,	economics,
finance,	and	management.	Hence,	the	linear	algebra	part	of	this	book	is	not	a	substitute	for	a	reference	textbook	on	theoretical	or	numerical	linear	algebra.	Similarly,	for	the	angle	between	x	and	y,	we	have	cos	6U	y	Tx	*2	xr	ATx	*2	ut	At	u	luMlj	which	again	depends	only	on	the	line	direction	u,	and	not	on	the	actual	point	along	the	line.	Suppose	now,
again	for	the	purpose	of	contradiction,	that	there	exist	an	u^	(say	without	loss	of	generality,	the	first	one,	uW)	which	is	a	linear	combination	of	the	other	eigenvectors:	i	=2	(3-5)	7	This	is	only	true	for	matrices	with	real	elements,	i.e.,	for	A	E	R	”,w.	This	observation	naturally	leads	to	the	topic	of	singular	value	decomposition	(SVD),	that	will	be	treated
in	Chapter	5.	Thanks	to	eigenvalues	and	eigenvec	tors,	a	square	matrix	can	be	shown	to	be	similar	to	a	block-triangular	matrix,	that	is,	a	matrix	of	the	form8	All	0	0	A\2	•	•	•	Aip	A2p	a	22	.	The	proofs	are	generally	well	explained	and	require	only	a	little	fill-in	from	the	reader.The	variety	of	applications	presented	throughout	the	text	is	wonderful,	and
the	final	four	chapters	explore	applications	arising	in	machine	learning,	computational	finance,	control,	and	engineering	design	in	more	detail.	While	it	would	be	impossible	to	mention	all	of	them,	we	wish	to	give	special	thanks	to	our	colleagues	Dimitris	Bertsimas,	Stephen	Boyd,	Emmanuel	Cand&s,	Constantin	Caramanis,	Vu	Duong,	Michael	Jordan,
Jitendra	Malik,	Arkadi	Nemirovksi,	Yuri	Nesterov,	Jorge	Nocedal,	Kannan	Ramchandran,	Anant	Sahai,	Suvrit	Sra,	Marc	Teboulle,	Lieven	Vandenberghe,	1S.	For	each	i	=	1,	.	Proceeding	in	this	way,	we	would	eventually	arrive	at	the	conclusion	that	uM	are	lin	early	dependent,	which	would	mean	in	particular	that	e	(pk.	Some	of	these	norms	may	be
hard	to	compute.	vector)	of	moduli	of	the	entries	of	A	(resp.	Then,	it	holds	that	V(	<	pi	and,	if	Vi	=	pi,	i	=	1,...,	k,	then	U	=	[	U	^	•••!#)]	is	invertible,	and	A	=	U	A	U	~\	Aif^i	0	0	0	0	A2^2	•	•	(3.7)	.	Show	that	V*fe(x)	=	V	2xh(x)	=	ATVgf(g(x)),	ATV2gf(g(x))A.	In	such	a	case,	the	columns	(and	the	rows)	are	not	linearly	independent,	and	the	matrix	has	a
non-trivial	null	space.	Assume	A	is	diagonalizable.	1	.4	.4	Advent	of	linear	and	quadratic	programming	The	LP	model	was	introduced	by	George	Dantzig	in	the	40s,	in	the	context	of	logistical	problems	arising	in	military	operations.	For	example,	the	position	of	a	ship	at	sea	with	respect	to	a	given	reference	frame,	at	some	instant	in	time,	can	be
described	by	a	twodimensional	vector	x	=	(xi,	X2),	where	xi,	X2	are	the	coordinates	of	the	center	of	mass	of	the	ship.	Since	the	rank	coincides	with	the	dimension	of	the	range	subspace	of	a	matrix,	what	we	need	to	prove	is	that	dimT^(A)	<	dim7^(A	+	qpT)	+	1.	President	Obama	made	clear	that	he	was	willing	to	alienate	his	liberal	base	in	the	interest
of	compromise.	A	prime	example	is	the	cardinality	function,	which	we	shall	discuss	in	Section	9.5.1.	The	cardinality	of	a	vector	x	is	defined	as	the	number	of	nonzero	elements	in	x:	card(x)	=	E	!(**	+	0),	Jt=l	where	l(xjc	7^	0)	=	1	if	Xk	7^	0	0	otherwise.	(d)	Top	Test	Scores	From	Shanghai	Stun	Educators.	We	have	chosen	to	start	the	book	with	a	first
part	on	linear	al	gebra,	with	two	motivations	in	mind.	1.	However,	it	can	be	proved	that	for	any	given	square	ma	trix,	there	always	exist	an	arbitrar	ily	small	additive	perturbation	that	makes	it	diagonalizable;	i.e.,	diagon	alizable	matrices	form	a	dense	subset	of	R"'".	Higham,	Accuracy	and	Stability	of	Numerical	Algorithms,	SIAM,	2002.	3	A	function	/
describes	an	operation	that	takes	a	vector	*	€	1R"	as	an	in	put,	and	assigns	a	real	number,	de	noted	/(	*	)	,	as	a	corresponding	out	put	value.	91	92	O	PTIM	IZA	T	IO	N	MODELS	3.	Further,	the	dominant	eigenvalue	is	simple	(i.e.,	it	has	unit	algebraic	mul	tiplicity),	but	you	are	not	requested	to	prove	this	latter	fact.	Boyd	and	L.	We	recall	from	Section



2.2.34	that	the	direct	sum	of	a	subspace	and	its	orthogonal	complement	equals	the	whole	space,	thus,	©	Af(A)1-	=	Ar(A)	©	n	(	A	T).	Then,	it	is	easy	to	see	that	in	such	case	Xk	converges	to	a	constant	matrix:	Xk	-»	UiV^,	where	U\	contains	by	columns	the	eigenvectors	associated	with	the	eigenvalue	\	\	=	1,	and	V\	contains	the	corresponding	columns	in
V	=	17-1.	Let	6	be	the	angle	at	0	between	the	Ox	and	0y	sides	of	the	triangle,	and	let	2	=	x	—y.	,	m	(which	we	write	compactly	as	z	=	g(x),	where	g	:	R"	Rm).	/(*	)	=	[	W	■■	W	]T'	When	n	—1	(there	is	only	one	input	variable),	the	gradient	is	simply	the	derivative.	Then:	1.	If	you've	struggled	to	jump	right	in	to	other	books	on	optimization	because	of	the
linear	algebra	preliminaries,	this	book	will	be	an	excellent	supplement.Following	the	linear	algebra	background,	the	middle	third	of	the	text	is	devoted	to	the	fundamentals	of	convex	optimization.	Only	10,000	barrels	of	crude	oil	are	available	for	processing.	4	Symmetric	matrices	symmetric	matrices	and	to	their	spe	cial	properties.	Also,	a	scalar-
valued	function3	/	:	R	”	—»	R,	twice	differentiable	at	Xq,	can	be	approximated	locally	to	second-order	around	a	given	point	Xq,	using	both	the	gradient	and	the	second-derivatives	matrix	(Hessian):	3	For	a	scalar-valued	function	the	Ja	cobian	coincides	with	the	transpose	of	the	gradient	vector.	While	optimization	theory	played	a	central	role	in	physics,
it	was	only	with	the	birth	of	computers	that	it	could	start	making	its	mark	in	practical	applications,	and	venture	into	fields	other	than	physics.	Our	only	claim	is	that	we	strove	to	provide	the	appropriate	search	terms.	We	thus	have	Y$=i	Fi	=	To	each	distinct	eigenvalue	A/,	i	=	1,	.	Vandenberghe)	at	UCLA,	as	well	as	the	slides	that	S.	P	R	E	FA	C	E	and
Jean	Walrand,	for	their	support,	and	constructive	discussions	over	the	years.	That	is,	any	x	e	S	can	be	written	as	d	x	=	YJ*ix{')'	;=i	(2-x)	for	appropriate	scalars	0L[.	Figure	1.5	For	a	convex	function,	any	local	minimum	is	global.	For	an	n	x	n	matrix	A,	we	consider	the	products	PA	and	AP.	It	is	most	appropriate	for	first	year	graduate	students	and	some
advanced	undergraduates.	Combinatorial	problems	and,	more	generally,	MIPs,	belong	to	a	class	of	problems	known	to	be	computationally	hard,	in	general.	You	can	also	shop	online	at	the	El	Dorado	Furniture	website	for	everything	you	need	for	your	home.	The	Euclidean	length	of	a	vector	x	E	IRn	is	the	square-root	of	the	sum	of	squares	of	the	compo‐
nents	of	x,	that	is	Euclidean	length	of	x	=	y	x\	+	x\	H------	Yx\.	In	other	words,	V	is	"closed"	under	addition	and	scalar	multiplica	tion.	1.1.1	Oil	production	management	An	oil	refinery	produces	two	products:	jet	fuel	and	gasoline.	In	practice,	the	or	dered	list	V	contains	an	entire	or	restricted	dictionary	of	words.	1.2.2	What	is	a	solution?	Such	problems
are	referred	to	as	mixedinteger	programs	(MIPs).	Our	presentation	in	Part	I	seeks	to	emphasize	the	optimization	aspects	that	under	pin	many	linear	algebra	concepts;	for	example,	projections	and	the	solution	of	systems	of	linear	equations	are	interpreted	as	a	basic	opti	mization	problem	and,	similarly,	eigenvalues	of	symmetric	matrices	result	from	a
'Variational"	(that	is,	optimization-based)	characteriza	tion.	More	generally,	for	any	weight	vector	p	G	IRn	such	that	Pi	>	0	for	every	i,	and	pi	+	•	•	•	+	pn	=	1,	we	can	define	the	corresponding	weighted	average	of	the	elements	of	x	as	pTx.	The	interpretation	of	p	is	in	terms	of	a	discrete	probability	distribution	of	a	random	variable	X,	which	takes	the
value	Xj	with	probability	pu	i	=	1,	.	One	of	the	most	exciting	developments	involves	a	special	kind	of	optimization,	convex	op	timization.	For	a	senior-level	undergraduate	or	beginner	graduate-level	course	on	introduction	to	optimization,	the	second	part	would	become	the	cen	tral	component.	Alternatively,	one	can	use	a	variant	of	the	Gram-Schmidt
proced	ure,	see	Section	7.3.2.	48	O	PT	IM	IZ	A	T	IO	N	MODELS	$	V	These	regions	are	called	half-spaces	(H_	is	a	closed	half-space,	H++	is	an	open	half-space).	8	9	1	2	3	4	9	6	5	3	7	2	3	2	5	6	7	2	7	1	8	3	1	4	Figure	1.6	The	Sudoku	problem,	as	it	is	the	case	for	many	other	popular	puzzles,	can	be	formulated	as	a	feasi	bility	problem	with	integer	variables.
A	concept	related	to	the	one	of	subspaces	is	that	of	affine	sets,	which	are	defined	as	a	translation	of	subspaces.	3.3.2	Determinants	and	the	transformation	of	the	unit	cube	Consider	a	2	x	2	matrix	A_	an	a2\	al2	a22	The	determinant	of	this	matrix	is	a	real	number,	defined	as	follows:	det	A	=	#h#22	—021012*	Suppose	we	apply	the	linear	map	y	=	Ax	to
the	four	vectors	defining	the	vertices	of	the	unit	square	in	1R2,	that	is	to	the	points	xW	=	[0	0]T,	*(2)	=	[10	]T,	x	=	[01	]T,	xW	=	[11	]T.	However,	the	central	concept	of	singular	value	is	often	relegated	to	the	final	chapters,	if	presented	at	all.	Computing	the	web	pages'	scores	thus	amounts	to	finding	x	such	that	Ax	=	x:	this	is	an	eigenvalue
/eigenvector	problem	and,	in	particular,	x	is	an	eigenvector	of	A	associated	with	the	eigenvalue	A	=	1.	,	xn)	to	denote	a	vector,	if	we	are	not	interested	in	specifying	whether	the	vector	is	in	column	or	in	row	format.	A	recent	development	can	be	added	to	the	long	list	of	success	stories	associated	with	applied	linear	algebra.	The	weighted	average	is
then	simply	the	expected	value	(or,	mean)	of	X,	under	the	discrete	probability	distribution	p.	President	Obama	urged	China's	president	to	put	the	North	Korean	government	on	a	tighter	leash	after	a	series	of	provocations.	□	Block-triangular	decomposition.	We	can	go	on	in	this	way	until	we	remain	with	a	collection	of	vectors,	say	B	=	...,	},	d	<	m,	such
that	span(B)	=	span(S),	and	no	element	in	this	collection	can	be	written	as	a	linear	combination	of	the	other	elements	in	the	collection	(i.e.,	the	elements	are	linearly	independent).	This	is	the	situation	experienced,	for	example,	by	a	driver	who	needs	to	move	along	a	network	of	orthogonal	streets	to	reach	its	destination.	Find	one	near	you	and	learn
more	about	the	business.Visit	the	El	Dorado	Furniture	WebsiteThe	easiest	way	to	find	your	local	El	Dorado	Furniture	store	is	to	visit	the	company’s	website	at	Eldoradofurniture.com.	Strict	inequalities	can	be	-2	-1	0	1	2	3	4	5	6	7	Figure	1.2	A	toy	optimization	prob	lem,	with	lines	showing	the	points	with	constant	value	of	the	objective	function.	2.1.2.5
Independence,	bases,	and	dimensions.	The	PageRank	algo-	9	See,	e.g.,	N.	MORE	FROM	QUESTIONSANSWERED.NET	The	authors	have	correctly	identified	that	a	grounding	in	linear	algebra	is	essential	to	understand	convex	optimization.	Subspaces	are	just	affine	spaces	containing	the	origin.	In	some	applications,	we	may	encounter	functions	of	a
vector	x	g	R	”	that	are	not	formally	norms	but	still	encode	some	measure	of	"size"	of	a	vector.	First,	as	an	important	source	of	applications	and	challenges;	for	example,	the	simplex	algorithm	for	solving	linear	programming	problems,	which	we	discuss	below,	involves	linear	equations	as	the	key	step.	4.	We	next	briefly	describe	some	of	the	most	used
matrix	factoriza	tions.	Example	2.5	(Bases)	The	following	three	vectors	constitute	a	basis	for	]R3:	'	1'	=	2	'	1'	3	II	*	rH	0	__	1	__	1	rH	1	1	__	1	'	1	'	1	,	*(»	=	Given,	for	instance,	the	vector	x	=	[1,	2,	3]T,	we	can	express	it	as	a	linear	combination	of	the	basis	vectors	as	in	(2.1):	1	2	3	=	«i	1	1	1	+	0C2	1	2	0	1	+	a3	3	1	Finding	the	suitable	values	for	the	ol-x
coefficients	typically	requires	the	solution	of	a	system	of	linear	equations	(see	Chapter	6).	The	standard	inner	product5	defined	in	Rn	is	the	"row-column"	product	of	two	vectors	n	(x,y)	=	x	Ty	=	Y	J	xkVk*=1	(2-2)	However,	other	inner	products	can	be	defined	in	R	”,	see,	for	example.	e*_	’	dxi	J3"_i	e	x	Then,	it	is	not	difficult	to	see	that	we	could	remove	x
from	S	and	still	obtain	the	same	span,	that	is1	span(S)	=	span(S	\	x(m)).	X	is	a	real	elem	en	t	x	E	X	a	vector	sp	ace	Figure	2.9	The	Euclidean	length	of	a	vector	in	R2	is	computed	by	means	of	the	Pythagoras	theorem.	Hence	the	notion	formed	that,	while	linear	optimization	was	numerically	tractable,	nonlinear	optimization	was	not,	in	general.	Exercise
3.2	(Permutation	matrices)	A	matrix	P	£	Rn'n	is	a	permu	tation	matrix	if	its	columns	are	a	permutation	of	the	columns	of	the	n	x	n	identity	matrix.	In	other	words,	a	local	minimizer	x	minimizes	/o,	but	only	for	nearby	points	on	the	feasible	set.	For	example,	the	norm	max	||Aw||2	:	||w||oo	1	and	the	corresponding	term	in	the	above	sum	will	either	remain
bounded	in	norm	(if	|A;|	=	1),	or	grow	indefinitely	in	norm,	thus	X^	—y	0	could	not	happen.	One	key	feature	of	convex	prob	lems	is	that	all	local	minima	are	actually	global,	see	Figure	1.3	for	an	example.	QPs	can	be	thought	of	as	a	generalization	of	both	least-squares	and	linear	programming	problems.	In	a	way,	linear	algebra	became	a	commodity
technology,	which	can	be	called	upon	by	users	without	any	knowledge	of	the	underlying	algorithms.	Enlarging	the	scope	of	tractable	problems	allows	us	in	turn	to	develop	more	efficient	methods	for	difficult,	non-convex	problems.	Let	further	UW	=	[u^	•	•	•	Uy)]	be	a	matrix	containing	by	columns	a	basis	of	(pi,	being	1//	=	dim	(pi.	For	problems	in	the
standard	form	(1.2),	solving	a	feasibility	problem	is	equivalent	to	finding	a	point	that	solves	the	system	of	inequalities	f	(	x	)	<	0,	/	=	1,	.	QPs	are	popular	in	many	areas,	such	as	finance,	where	the	linear	term	in	the	objective	refers	to	the	expected	negative	return	on	an	investment,	and	the	squared	term	corresponds	to	the	risk	(or	variance	of	the
return).	Check	out	dining	room	sets	and	desks	for	your	home	office.	Equipping	vectors	with	sum	and	scalar	multi	plication	allows	us	to	define	notions	such	as	independence,	span,	subspaces,	and	dimension.	However,	a	rigorous	treatment	of	such	vector	spaces	requires	tools	that	are	out	of	the	scope	of	the	present	exposition.	This	is	the	reason	I
knocked	my	rating	down	to	four	stars	for	an	otherwise	excellent	book.	The	inner	product	satisfies	the	following	axioms:	for	any	x,y,z	e	X	and	scalar	a	(x,x)	>	0;	(x,	x)	=	0	if	and	only	if	x	=	0;	(x	+	y,z)	=	(x,z)	+	(y,z);	(ax,y)	=	oc(x,y);	to	y	)	=	(y>*>A	vector	space	equipped	with	an	inner	product	is	called	an	inner	product	space.	Horn,	C.	Let	us	formalize	the
problem	mathematically.	Prove	that	A	annihilates	its	own	characteristic	polynomial,	that	is	p(A)	=	An	+	cn—\A	n	^	+	•	•	•	+	C\A	+	C()In	=	0	.	XVii	1	Introduction	that	can	be	used	to	devise	ef	fective	decisions	or	predictions	in	a	variety	of	contexts,	ranging	from	production	planning	to	engineering	design	and	finance,	to	mention	just	a	few.	aua£	S21
Further	equivalent	expressions	can	be	obtained	by	expanding	the	in	verses	of	the	Si	and	S2	blocks	using	a	handy	matrix	identity,	known	as	the	matrix	inversion	lemma,	or	Woodbury	formula:	(^Au	—A	i2A22	A21)	An1	+	3.4.9	=	A	u{A	22	~	A2i	A1^A	i2)~1A2i	A	^	.	The	determinant	of	a	generic	matrix	A	£	Kn,n	can	be	computed	by	defining	det	a	—	a
for	a	scalar	0,	and	then	applying	the	following	inductive	formula	(Laplace's	determinant	expansion):	det	A(i	j),	det(A)	=	i=	1	where	i	is	any	row,	chosen	at	will	(e.g.,	one	may	choose	i	=	1),	and	denotes	an	(n	—1)	x	(n	—1)	submatrix	of	A	obtained	by	eliminating	row	i	and	column	j	from	A.	Moreover,	from	Theorem	3.3,	n	jk	are	linearly	independent,	for
any	jj	£	{1,...,v	z-},	i	=	1	This	implies	that	the	whole	collection	{u^}	i	=if	^	=	1	^	.	A	vector	x	can	thus	be	defined	as	a	collection	of	elements	X\,	%2r	•	•	-,xn,	arranged	in	a	column	or	in	a	row.	One	is	that	linear	algebra	is	perhaps	the	most	important	building	block	of	convex	optimization.	This	book	has	been	typeset	in	Latex,	using	a	variant	of	Edward
Tufte's	book	style.	In	this	ex	ample,	the	minimizer	is	not	unique,	and	the	optimal	set	is	the	interval	A'opt	=	[2,3].	Consider	an	m	x	n	matrix	A,	and	denote	by	az,	i	=	1,	.	..,	n.	In	other	words,	your	page	relevance	should	be	higher	if	your	page	is	pointed	directly	by	Yahoo.com	rather	then,	say,	by	Nobody.com.	14	Numerically,	a	basis	can	be	com	puted	via
the	singular	value	decom	position	(SVD),	discussed	in	Chap	ter	5.	For	example.	For	a	column	vector	x	£	Cn,	we	use	the	notation	x*	to	denote	the	transpose-conjugate,	that	is	the	row	vector	with	elements	set	to	the	conjugate	of	those	of	x.	1.3.4	Convex	optimization	Convex	optimization	problems	are	problems	of	the	form	(1.2),	where	the	objective	and
constraint	functions	have	the	special	property	of	convexity.	Then	|	rank(A)	—rank(A	+	qpT)	|	<	1.	The	applications	part	can	serve	as	a	template	for	project	reports.	The	score	xj	represents	the	total	voting	power	of	node	7,	which	is	to	be	evenly	subdivided	among	the	zzy	outgoing	links;	each	outgoing	link	thus	carries	Xj/nj	units	of	vote.	C.	This	problem
arises	in	a	host	of	applications,	as	illustrated	in	Chapters	4	and	5,	and	it	constitutes	the	building	block	of	a	tech	nology	known	as	the	singular	value	decomposition	(SVD).	IN	T	R	O	D	U	C	T	IO	N	14-5	Advent	of	convex	programming	Most	of	the	research	in	optimization	in	the	United	States	in	the	6os8os	focused	on	nonlinear	optimization	algorithms,	and
contextual	applications.	2.1.2.4	Direct	sum.	Hint:	For	proving	this	claim	you	may	use	the	following	fixed-point	theorem	due	to	Brouwer:	if	S	is	a	compact	and	convex	set18	in	IRn,	and	f	:	S	-»	S	is	a	continuous	map,	then	there	exist	an	x	e	S	such	that	f(x)	=	x.	Then,	the	profit	for	the	refinery	is	described	by	function	go(*i/*2)	—O.lxi	+	0	.2^2-	Clearly,	the
refinery	interest	is	to	maximize	its	profit	go-	However,	constraints	need	to	be	met,	which	are	expressed	as	X\	+	x2	*2	>	10xi+	30x2	0.	This	formula	is	an	obvious	extension	to	the	multidimensional	case	of	the	Pythagoras	theorem	in	IR2;	see	Figure	2.9.	The	Euclidean	length	represents	the	actual	distance	to	be	"trav	elled"	to	reach	point	x	from	the	origin
0,	along	the	most	direct	way	(the	straight	line	passing	through	0	and	x).	On	the	top	right	corner	of	the	homepage,	you’ll	see	a	tab	that	says	“Our	Stores.”	Click	on	it,	and	you’ll	arrive	at	a	page	that	provides	you	with	two	ways	to	find	the	store	closest	to	you.	A.	Diagonalizable	matrices	A	direct	consequence	of	Theorem	3.3	is	that,	under	certain	hypo‐
theses,	A	£	Kn'n	is	similar	to	a	diagonal	matrix,	i.e.,	in	current	termi	nology,	A	is	diagonalizable.10	This	is	stated	in	the	following	theorem.	A	norm	o	n	v	a	lu	ed	fu	n	ctio	n	w	ith	sp	ecial	p	rop	erties	that	m	a	p	s	a	n	y	in	to	a	real	n	u	m	b	er	\\x\\.	*«	tf)i	B	^	m	i&IW	!+	oiix	*t	nBTi	Figure	1.9	Early	Chinese	linear	algebra	text.	Our	treatment	in	cludes	the
following	distinguishing	elements.	The	following	theorem	states	a	general	result	on	convergence	of	matrix	powers.15	Theorem	3.5	(Convergence	of	matrix	powers)	Let	X	£	TRn'n.	Next,	we	provide	a	characterization	of	the	eigenvalues	of	symmetric	ma	trices	in	terms	of	optimal	values	of	certain	quadratic	optimization	problems	(variational
characterization).	The	dimension	of	11(A)	is	called	the	rank	of	A	and	denoted	by	rank(A);	by	definition	the	rank	represents	the	number	of	linearly	independent	columns	of	A.	•	The	book	focuses	on	modeling	practical	problems	in	a	suitable	op	timization	format,	rather	than	on	algorithms	for	solving	mathemat	ical	optimization	problems;	algorithms	are
circumscribed	to	two	chapters,	one	devoted	to	basic	matrix	computations,	and	the	other	to	convex	optimization.	,	n	.	Exercise	3.7	(Range	and	nullspace	of	ATA)	Prove	that,	for	any	ma	trix	A	G	]Rm'n,	it	holds	that	N	(	A	t	A)	=	N{A),	n	{A	TA)	=	n	{	A	T).	Figure	1.9	pictures	a	9	x	9	matrix	found	in	the	treatise,	as	printed	in	the	1700s	(with	a	reversed
convention	for	the	column's	order).	We	then	proceed	with	three	chapters	devoted	to	specific	convex	models,	from	linear,	quadratic,	and	geometric	programming	(Chapter	9),	to	second-order	cone	(Chapter	10)	and	semidefinte	programming	(Chapter	11).	Exercise	3.8	(Cayley-Hamilton	theorem)	Let	A	G	K	n,n	and	let	p(A)	=	det(AIn	—A	)	=	\	n	-|-	cn—\	\
n	^	•	T-	c^A	+	Cq	be	the	characteristic	polynomial	of	A.	For	example,	replacing	the	strict	inequality	by	a	non-strict	one	in	(1.4)	leads	to	a	problem	with	the	same	optimal	value	p*	=	0,	which	is	now	attained	at	a	well-defined	optimal	solution	x*	=	0.	Hint:	use	the	Cayley-Hamilton	theorem.	It	furthers	the	University’s	mission	by	disseminating	knowledge
in	the	pursuit	of	education,	learning	and	research	at	the	highest	international	levels	of	excellence.	Theorem	3.3	Let	A/,	i	—	1,...	Many	concepts	in	this	chapter	are	introduced	without	formal	definition;	more	rigorous	formalizations	are	provided	in	the	subsequent	chapters.	Acknowledgments	In	the	last	20	years,	we	witnessed	many	exciting
developments	in	both	theory	and	applications	of	optimization.	_	a2/(*)	1	<	i,	j	<	n.	Early	on,	it	was	understood	that	a	key	challenge	was	to	handle	the	numerical	errors	that	were	inevitably	propagated	by	algorithms.	Flowever,	in	this	book	we	do	not	dwell	too	much	on	such	subtleties,	and	use	the	min	and	max	notations,	unless	the	more	rigorous	use	of
inf	and	sup	is	important	in	the	specific	context.	Exercise	2.4.	Moreover,	the	inner	product	remains	well	defined	also	on	vector	spaces	different	from	Rn,	such	as,	for	instance,	the	space	of	matrices,	defined	in	Chapter	3.	The	Italian	mathematician	Giuseppe	Lodovico	(Luigi)	Lagrangia	(Figure	1.11),	also	known	as	Lagrange,	was	a	key	player	in	this	de‐
velopment,	and	his	name	is	associated	with	the	notion	of	duality.	Our	treatment	of	linear	algebra	is,	however,	necessarily	partial,	and	biased	towards	models	that	are	instrumental	for	optimization.	In	this	case	the	problem	is	said	to	be	infeasible.	There's	a	focus	on	how	to	use	convex	optimization	to	model	real	problems	which	is	really	an	art	that	is	best
learned	through	the	many	examples	provided.	What	is	the	covariance	matrix	of	the	output,	y	=	Aul	2.	The	vector	representation	cannot,	however,	be	visualized	graphically	in	more	than	three	dimensions,	that	is,	if	we	have	more	than	three	airports	involved.	Hint:	use	the	facts	that	polynomials	are	continuous	functions,	and	that	diagonalizable	matrices
are	dense	in	Kn'n,	i.e.,	for	any	e	>	0	there	exist	A	G	!Rn,n	with	||	A||p	<	e	such	that	A	+	A	is	diagonalizable.	Two	re	search	directions	are	prevalent.	This	can	be	for	two	reasons.	The	knap	sack	problem,	described	in	Section	1.1.4,	*s	an	example	of	an	integer	programming	problem,	and	so	is	the	Sudoku	problem	shown	in	Fig	ure	1.6.	Many	practical
problems	actually	involve	a	mix	of	integer	and	real-valued	variables.	1.3.3	Linear	and	quadratic	programming	A	linear	programming	(LP)	problem	has	the	form	n	n	min	£	cjxj	s	t	:	I	]	Aijxi	<	K	i	=	x	;'=i	;=i	where	cj,	b\	and	Aq,	1	<	i	<	m,	1	<	;	<	n,	are	given	real	numbers.	2.1.2.2	Vector	spaces.	dhjjx)	1S	dXj	‘	2.	We	call	distinct	eigenvalues	the
eigenvalues	of	A	not	counting	mul	tiplicities;	i.e.,	we	put	in	the	set	of	distinct	eigenvalues	only	one	representative	per	each	group	of	repeated	eigenvalues	with	identi	cal	value.	0	0	J	_	1	_	Table	2.2	displays	the	cos	0	between	pairs	of	vectors	representing	the	text.	Note	that,	without	loss	of	generality,	this	matrix	can	be	chosen	to	have	orthonormal
columns.	An	optimal	design	is	one	which	gives	the	best	possible	objective	value,	while	satisfying	all	problem	constraints.	“r	Ei	Ghaoui	Optimization	Models	Optimization	Models	Giuseppe	Calafiore	and	Laurent	El	Ghaoui	Optimization	Models	Emphasizing	practical	understanding	over	the	technicalities	of	specific	al	gorithms,	this	elegant	textbook	is	an
accessible	introduction	to	the	field	of	optimization,	focusing	on	powerful	and	reliable	convex	optimization	tech	niques.	One	of	the	reasons	is	the	very	large	size	of	the	problem	(number	of	variables	and	constraints).	If	x	E	]Rn	denotes	a	vector,	we	use	subscripts	to	denote	elements,	so	that	Xj	is	the	z-th	component	in	x.	Bibliographical	references	and
sources	By	choice,	we	have	been	possibly	incomplete	in	our	bibliographical	references,	opting	to	not	overwhelm	the	reader,	especially	in	the	light	of	the	large	span	of	material	covered	in	this	book.	□	Since	similar	matrices	have	the	same	set	of	eigenvalues	(counting	multiplicities),9	and	since	the	set	of	eigenvalues	of	a	block-triangular	matrix	is	the
union	of	the	eigenvalues	of	the	diagonal	blocks,	we	can	also	conclude	from	Eq.	(3.6)	that	it	must	always	be	Vi	<	m	(if	Vi	>	m	,	then	the	block-triangular	form	in	(3.6)	would	imply	that	A	has	at	least	Vi	identical	eigenvalues	at	A*,	so	the	algebraic	multiplicity	of	A*	would	be	]i\	=	Vjf	which	is	a	contradiction).	These	books	often	leave	the	students	with	a
good	understanding	of	con	cepts	and	problems	of	linear	algebra,	but	with	an	incomplete	and	limited	view	about	where	and	why	these	problems	arise.	Additional	resources	for	this	publication	a	twww.cambridge.org/optimizationmodels	Cambridge	University	Press	has	no	responsibility	for	the	persistence	or	accuracy	of	URLs	for	external	or	third-party
internet	websites	referred	to	in	this	publication,	and	does	not	guarantee	that	any	content	on	such	websites	is,	or	will	remain,	accurate	or	appropriate.	The	feasible	seft	of	problem	(1.2)	is	defined	as	X	—	{x	e	IRn	s.t.:	fi(x)	<	0,	i	=	1,	.	An	affine	function	/	:	W	1	—>	R,	represented	as	f(x)	=	aTx	+	b,	has	a	very	simple	gradient:	V	/(x)	=	a.	It	holds	for	the
determinant	of	a	square	and	nonsingular	matrix	A	that	det	A	=	det	AT	=	-	—	—	det	A	-1	Non-square,	or	square-but-singular,	matrices	do	not	possess	a	regu	lar	inverse.	62	O	PT	IM	IZ	A	T	IO	N	MODELS	Thus,	for	x	"near"	xo,	the	variation	Sf(x)	=	f(x)	—/(*o)	can	be	approximately	described,	to	first	order,	by	a	linear	map	defined	by	the	Jacobian	matrix,
i.e..	Both	products	are	shipped	in	trucks,	and	the	delivery	capacity	of	the	truck	fleet	is	180,000	barrel-miles.	(3	4	)	Consequently,	we	can	decompose	any	vector	x	E	Rn	as	the	sum	of	two	vectors	orthogonal	to	each	other,	one	in	the	range	of	A	J,	and	the	other	in	the	nullspace	of	A:	x	—	A	^	£	+	z,	2	E	J\T{A).	Sf(x)	~	Jf(x0)Sx,	5X	=	x	-	x0.	The	refinery	has	a
government	contract	to	produce	at	least	1,000	barrels	of	jet	fuel,	and	a	private	contract	to	produce	at	least	2,000	barrels	of	gasoline.	The	optimal	set,	or	set	of	solutions,	of	problem	(1.2)	is	defined	as	the	set	of	feasible	points	for	which	the	objective	function	achieves	the	optimal	value:	Xopt=	{x	IeR"	s.t.:	fo(x)	=	p*,	fi(x)	<	0	,	1,...,	A	standard	notation
for	the	optimal	set	is	via	the	argmin	notation:	A’opt	=	argmin	f	0(x).	Exercise	3.3	(Nullspace	inclusions	and	range)	Let	A,	B	£	]Rmn	be	two	matrices.	A1	=	1).	Each	axis	corresponds	to	temperatures	at	a	specific	location.	3.3.5	Eigenvectors	and	eigenvalues	Eigenvalues	and	characteristic	polynomial	We	are	now	ready	to	give	a	formal	definition	for
eigenvectors	and	eigenvalues.	You	may	obtain	a	copy	of	the	License	at	.	Unless	required	by	applicable	law	or	agreed	to	in	writing,	software	distributed	under	the	License	is	distributed	on	an	“as	is”	basis,	without	warranties	or	conditions	of	any	kind,	either	express	or	implied.	M	A	T	R	IC	E	S	Example	3.8	A	notable	example	of	application	of	Eq.	(3.14)	is
given	by	the	matrix	exponential:	the	function	f(t)	=	el	has	a	power	series	represen	tation	which	is	globally	convergent	hence,	for	any	diagonalizable	X	£	Rn'n,	we	have	00	1	eX	=	E	FX*=	lMiag	/	\	e^lT1.	Then,	the	score	of	page	k	is	computed	as	Xk	=	Y.	Optimization	has	evolved	towards	the	study	and	application	of	algorithms	to	solve	mathematical
problems	on	computers.	Another	important	early	contributor	to	the	field	of	linear	programming	was	the	Soviet	Russian	mathematician	Leonid	Kantorovich.	This	fact	is	easily	seen	by	considering	the	product	AB	as	the	series	connection	of	the	two	operators	B,	A:	Bu\\p	^	\\B\\p\\u\\p,	||ABu\\p	^	11A	11p	11Bn11p	^	11A	||^||B||^||w||^,	see	Figure	3.16.
Suppose	now	that	one	element	in	V,	Figure	2.5	Line	generated	by	scaling	of	a	vector	xI1).	They	arise,	for	instance,	in	the	description	of	graphs	98	O	PTIM	IZA	T	IO	N	MODELS	with	undirected	weighted	edges	between	the	nodes,	in	geometric	dis	tance	arrays	(between,	say,	cities),	in	defining	the	Hessian	of	a	non	linear	function,	in	describing	the
covariances	of	random	vectors,	etc.	Figure	1.10	Karl	Friedrich	Gauss	(1777—1855).	Andre	Comte-Sponville	A	vector	is	a	collection	of	numbers,	arranged	in	a	column	or	a	row,	which	can	be	thought	of	as	the	coordinates	of	a	point	in	ndimensional	space.	In	fact,	a	much	richer	understanding	of	vectors	comes	from	their	correspondence	with	linear
functions.	Since	the	second	derivative	is	independent	of	the	order	in	which	derivatives	are	taken,	it	follows	that	Hjj	=	Hji	for	every	pair	(/,;),	thus	the	Hessian	is	always	a	symmetric	matrix.	This	approach	is	pedagogically	sound,	and	builds	on	and	uses	many	of	the	results	from	the	linear	algebra	portion.	We	then	describe	how	these	tools	can	be	used	for
solving	linear	equations,	and	related	least-squares	prob	lems,	in	Chapter	6.	94	O	PTIM	IZA	T	IO	N	MODELS	Exercise	3.10	(Adjacency	matrices	and	graphs)	For	a	given	undirec	ted	graph	G	with	no	self-loops	and	at	most	one	edge	between	any	pair	of	nodes	(i.e.,	a	simple	graph),	as	in	Figure	3.18,	we	associate	a	n	x	n	matrix	A,	such	that	1	if	there	is	an
edge	between	node	i	and	node	;,	0	otherwise.	3.8	(3.13)	Exercises	Exercise	3.1	(Derivatives	of	composite	functions)	1.	Ujj	>	0)	for	all	i,j	=	1,	.	We	let	x\,	X2	repre	sent,	respectively,	the	quantity	of	jet	fuel	and	the	quantity	of	gasoline	produced,	in	barrels.	*4	.	Exercise	3.3	(Linear	maps)	Let	/	:	lRn	-»	lRm	be	a	linear	map.	Note	that,	in	practice,	rates	of
return	are	never	known	exactly	in	advance,	and	they	can	be	negative	(although,	by	construction,	they	are	never	less	than	-	1	).	We	start	by	observing	that	any	vector	in	the	range	of	AT	is	orthogonal	to	any	vector	in	the	nullspace	of	A,	that	is,	for	any	x	E	1Z(AT),	and	any	2	E	J\f(A),	it	holds	that	xTz	=	0	.	Also,	we	remark	that	if	Xq	is	any	point	lying	in	the
hyperplane	H,	then	all	points	x	E	H+	are	such	that	(x	—*o)	forms	an	acute	angle	with	the	normal	direction	a	(i.e.,	the	inner	product	between	a	and	(	x	—xo)	is	positive:	aT	(x	—X	q	)	>	0).	14	O	PT	IM	IZ	A	T	IO	N	M	ODELS	may	lead	algorithms	to	discover	"spurious"	(that	is,	wrong)	molecular	conformations,	corresponding	to	local	minima	of	the	potential
function.	Is	it	really	linearity	of	the	objective	and	constraint	functions,	or	some	other,	more	general,	structure?	Problem	transformations	are	treated	in	more	detail	in	Sec	tion	8.3.4.	1.3	Important	classes	of	optimization	problems	In	this	section,	we	give	a	brief	overview	of	some	standard	optimiza	tion	models,	which	are	then	treated	in	detail	in
subsequents	parts	of	this	book.	Theorem	3.4	Let	Ai,	i	=	1,	...	A	generalization	of	this	inequality	involves	general	£p	norms	and	is	known	as	the	Holder	inequality:	for	any	vectors	x,y	E	and	for	any	p,q	>	1	such	that	1/p	+	1/q	=	1,	it	holds	that6	n	l*Tyl	<	E	\xkVk\	<	IMIpIlylkk=l	(2	4	)	:	6	See	Exercise	2.7.	34	O	P	T	IM	IZ	A	T	IO	N	MODELS	2.2.24
Maximization	of	inner	product	over	norm	balls.	1,	X	—	-	(	X	i	+	'	-	’	+	Xn).	Now,	at	least	one	of	the	scalars	0i[	must	be	nonzero,	for	otherwise	A	1	=	0	for	i	=	1,...	.,x	^	}	for	a	subspace	5	,	then	we	can	write	any	element	in	the	subspace	as	a	linear	combination	of	elements	in	the	basis.	72	O	PTIM	IZA	T	IO	N	MODELS	Proof	The	compound	matrix	P,	=	[IP	'
Q!ip	is	an	orthogonal	matrix	(the	columns	of	P,	form	an	orthonormal	basis	spanning	the	whole	space	C",	see	Section	34.6),	hence	it	is	invertible,	and	P~1	=	pT,	see	Section	34.6.	Then,	since	A	lP'-;	=	TP'	P	we	have	that	U®J	AU®	=	A	j	U	^	U	^	=	A,	and	QMTAU®	=	A;Q	('>T	l	P	'	)	=	0.	For	example,	A	—	\	\	*s	n0*	diagonalizable.	We	discuss	least-
squares	problems	and	linear	equations	extensively	in	Chapter	6.	It	matured	later	with	advances	in	physics,	notably	mechanics,	where	natural	phenomena	were	described	as	the	result	of	the	minimization	of	certain	"energy"	functions.	In	particular,	p(A)	=	det(A/n	—A)	is	a	polynomial	of	degree	n	in	A,	known	as	the	characteristic	polynomial	of	A.	We
build	a	256	x	256	matrix	A	of	pixels	based	on	this	image	by	ignoring	grey	zones,	assigning	+1	to	horizontal	or	vertical	black	lines,	+2	at	the	intersections,	and	zero	elsewhere.	A	key	development	came	in	the	form	of	scientific	computing	platforms,	such	as	Matlab,	Scilab,	Octave,	R,	etc.	Ben-Tal	and	A.	In	simplified	terms,	the	process	for	reaching	the
decision	starts	with	a	phase	of	construction	of	a	suitable	mathematical	model	for	a	concrete	problem,	followed	by	a	phase	where	the	model	is	solved	by	means	of	suitable	numerical	algorithms.	Table	2.1	Airport	temperature	data.	O	PTIM	IZA	T	IO	N	M	ODELS	28	A	line	can	hence	be	described	by	means	of	two	elements:	a	point	belonging	to	the	line,
and	a	vector	u	E	X	describing	the	direction	of	the	line	in	space.	If	the	web	of	interest	is	composed	of	n	pages,	each	labelled	with	integer	k,k	—1,...,	n,	we	can	model	this	web	as	a	directed	graph,	where	pages	are	the	nodes	of	the	graph,	and	a	directed	edge	exists	pointing	from	node	k-[	to	node	/12	if	the	web	page	k\	contains	a	link	to	ki-	Let	x^,k	—1,	.
Figure	2.2	The	position	of	m	robots	in	a	swarm	can	be	represented	by	a	2m-dimensional	vector	x	=	r	(2)	y	(2)	2(1)	/	■	A'l	/	*2	*	X.	positive)	matrices.	,	x	^	}	of	m	elements	from	a	vector	space	X,	consider	the	subspace	S	=	span(S)	generated	by	S,	that	is	the	set	of	vectors	that	can	be	obtained	by	taking	all	possible	linear	com	binations	of	the	elements	in
S.	3.	Ozdaglar),	Convex	Analysis	and	Op	timization,	Athena	Scientific,	2003.	I	think	that	this	refresher	and	primer	is	what	distinguishes	this	book	from	similar	ones	such	as	"Convex	Optimization"	by	Vandenberghe	and	Boyd	which	assume	a	prior	mastery	of	linear	algebra.	8	The	example	in	Section	1.1.2	is	an	il	lustration	of	linear	regression.	Chapter	8
on	convex	analysis	provides	the	core	material	which	is	then	applied	to	the	major	tractable	optimization	problem	types	in	the	subsequent	chapters	on	linear	programs,	quadratic	programs,	geometric	programs,	second	order	cone	programs,	and	semidefinite	programs.	16	Such	models	are	the	focus	of	Chap	ter	15.	Prerequisites	for	this	book	are	kept	at	a
minimum:	the	material	can	be	essentially	accessed	with	a	basic	understanding	of	geometry	and	calculus	(functions,	derivatives,	sets,	etc.),	and	an	elementary	knowledge	of	probability	and	statistics	(about,	e.g.,	probability	dis	tributions,	expected	values,	etc.).	In	other	situations,	it	may	be	useful	to	change	variables.	Further,	if	Xk	is	convergent,	then	X
(7	—X)	=	(7	—X)X	=	0,	and	conversely	if	lim^oo	Xk(I	—X)	=	0	then	Xk	is	convergent.	M	A	T	R	IC	E	S	71	Then	we	have	the	two	identities:	Ai	A\u	^	'	=	k	i=2	Au^	i=2	1=2	and,	subtracting	these	two	equations,	we	obtain	£	a	,	(	A	,	-	A	i	)	M	W	=	0,	1=2	where	A/	—Ai	7^	0,	since	the	eigenvalues	are	distinct	by	hypothesis.	R”	=	With	a	similar	reasoning,	we
also	argue	that	n{A)L	=	=	{	y	e	E	m:	yTz	=	0,	V	z	6	K(A)}	{	y	6	r	:	y	T^	hence	we	see	that	=	0	,	V	x	6	K	fl}=AT(AT),	K	{	A	)	L	M{	A	t	),	and,	therefore,	the	output	space	Rm	is	decomposed	as	R	m	=	n	(	A	)	®	n	(	A	)	-	L	=	-r	(a	)®	j\f(AJ	).	In	the	Soviet	Union	at	that	time,	the	focus	was	more	towards	op	timization	theory,	perhaps	due	to	more	restricted
access	to	comput	ing	resources.	The	amino-acids	interact	with	each	other	(for	example,	they	may	be	electrically	charged).	The	authors	make	sure	that	no	background	is	necessary	in	any	of	these	fields	to	appreciate	how	convex	optimization	and	linear	algebra	are	used	to	make	good	choices.	,1/	-|-	2,	which	would	contradict	the	fact	that	dimJ\f(AT)	=	v,
and	the	result	would	be	proved	immediately.	A	subspace	can	have	many	differ	ent	bases	(actually,	infinitely	many),	but	the	number	of	elements	in	any	basis	is	fixed	and	equal	to	the	dimension	of	the	subspace	(d,	in	our	example).	There	is	also	an	interactive	map	for	each	store.Shop	OnlineLike	many	retailers	these	days,	you	don’t	have	to	find	your	local
store	to	shop	for	furniture.	7,	2010:	(a)	Suit	Over	Targeted	Killing	in	Terror	Case	Is	Dismissed.	If	gi(x)	is	the	/-th	component	of	the	gradient,	that	is,	*.(*)	=	d-	M	.	A	federal	judge	on	Tuesday	dismissed	a	lawsuit	that	sought	to	block	the	United	States	from	attempting	to	kill	an	American	citizen,	Anwar	Al-Awlaki,	who	has	been	accused	of	aiding	A1	Qaeda.
Th	is	4.1	4.1.1	c	h	a	p	t	e	r	is	d	e	v	o	t	e	d	t	o	Basics	Definitions	and	examples	A	square	matrix	A	£	is	symmetric	if	it	is	equal	to	its	transpose:	A	=	At	,	that	is:	A[j	=	Aj{,	1	<	i,j	<	n.	Show	how	to	compute	the	(unique)	matrix	A	such	that	f(x)	=	Ax	for	every	x	£	W	,	in	terms	of	the	values	of	/	at	appropriate	vectors,	which	you	will	determine.	In	particular,	if	m
>	n,	then	Ah	is	said	to	be	a	left	inverse	of	A,	if	AnA	=	In.	Similarly,	if	n	>	m,	then	An	is	said	to	be	a	right	inverse	of	A,	if	AAri	=	lm.	global	optimal	points	A	point	2	is	locally	optimal	for	problem	(1.2)	if	there	exists	a	value	R	>	0	such	that	2	is	optimal	for	problem	min	fo(x)	s.t.:	fi(x)	<	0,	/	=	l,...,m	,	\xj	—Zj\	<	R,	i	=	l,.	This	is	the	same	as	the	condition	m
&iXW	=	0	=	>	a	—0.	,	x	^	}	in	a	vector	space	A'	is	a	vector	of	the	form	a\X	^	H------	1-ccmx^m\	where	C	i\,...,am	are	given	scalars.	How	this	book	can	be	used	for	teaching	This	book	can	be	used	as	a	resource	in	different	kinds	of	courses.	18	See	Section	8.1	for	definitions	of	compact	and	convex	sets.	This	matrix	is	called	the	adjacency	matrix	of	the
graph.17	1.	Similarly,	the	position	of	an	aircraft	can	be	described	by	a	three-dimensional	vector	x	=	(xi,	X2,	X3),	where	Xi,	X2,	X3	are	the	coordinates	of	the	center	of	mass	of	the	aircraft	in	a	given	reference	frame.	For	example,	it	is	known	that	any	square	matrix	A	can	be	written	as	the	product	of	an	orthog	onal	matrix	and	a	triangular	matrix,	that	is	A
=	QR,	where	Q	is	orthogonal	and	R	is	upper	triangular.	Symmetric	matrices	are	ubiquitous	in	engineer	ing	applications.	Depending	on	the	value	of	p,	the	sets	Bp	have	a	different	geometrical	shape.	Giuseppe	C.	We	are	also	thankful	to	the	anonymous	reviewers	of	our	initial	draft,	who	encouraged	us	to	proceed.	Their	result	is	not	only	theoretical	but
also	algorithmic,	as	they	introduced	so-called	interior-point	methods	for	solving	convex	problems	efficiently.13	Roughly	speaking,	convex	problems	are	easy	(and	that	includes	linear	programming	problems);	non-convex	ones	are	hard.	We	now	apply	this	approach	to	the	web	in	Figure	3.8.	We	have	n\	—3,	n2	=	2,	=	1,774	=	2,	hence	1	*1	=	*3	+	2*4,	*2
1	=	3*1'	1	1	1	=	3*1	+	2*2	+	2	*4,	*3	X4	1	=	3	*1	+	1	~	X	2.	They’re	separated	by	county,	and	the	page	also	lists	any	new	stores	that	are	opening	soon.View	Store	DetailsEl	Dorado	Furniture	has	stores	in	seven	Florida	counties	as	of	February	2019,	including	Miami-Dade,	Broward,	Palm	Beach,	Seminole,	Pinellas,	Lee	and	Collier.	The	first	seven
chapters	(roughly	one	third	of	the	book)	are	devoted	to	reviewing	linear	algebra	with	an	eye	toward	its	uses	in	convex	optimization.	The	transformed	points	y	{l)	=	Ax(l)	=	y(3)	=	A*(3)	=	0	0	#12	a22	y(2)	=	A*(2)	=	y(4)	=	A	x	^	=	011	021	011	+	012	021	+	022	form	the	vertices	of	a	parallelogram,	see	Figure	3.7.	The	area	of	the	unit	square	is	one.	The
theorem	has	a	direct	implication	for	quadratic	functions,	as	it	allows	us	to	decompose	any	quadratic	function	having	no	linear	or	constant	terms	into	a	weighted	sum	of	squared	linear	functions	involving	vectors	that	are	mutually	orthogonal.	1.4.2^	Optimization	as	a	theoretical	tool	In	the	1800s,	Gauss	(Figure	1.10)	built	on	early	results	(and	his	own
contributions)	in	linear	algebra	to	develop	a	method	for	solving	leastsquares	problems,	which	relied	on	solving	an	associated	linear	sys	tem	(the	famous	normal	equations).	,	x	^	of	vectors	in	a	vector	space	X	is	said	to	be	linearly	independent	if	no	vector	in	the	collection	can	be	expressed	as	a	linear	combination	of	the	others.	Further,	the	scalar	product
introduces	a	notion	of	the	angle	between	two	vectors,	and	induces	the	concept	of	length,	or	norm.	The	LP	model	is	perhaps	the	most	widely	used	model	in	optimization.	Then	again	this	last	set	has	the	same	span	as	S.	X	(1.4)	In	this	case,	p*	=	0	but	this	optimal	value	is	not	attained	by	any	x	that	satisfies	the	constraints.	Markowitz	(who	was	then	a
colleague	of	Dantzig	at	the	RAND	Corporation),	to	model	investment	problems.	4	This	result,	as	well	as	some	other	re	sults	that	are	reported	in	this	chap	ter	without	proof,	can	be	found	in	any	classical	textbook	on	linear	alge	bra	and	matrix	analysis,	such	as,	for	instance:	G.	It	can	be	proved	that,	in	generic	dimension	n,	the	absolute	value	of	the
determinant	of	A	still	describes	the	volume	(n-dimensional	measure)	of	the	parallelotope	obtained	by	transforming	the	unit	hy	percube	through	A.	Nullspace.	14	cvxr.com/cvx/	15	use	rs	.is	y.	We	denote	by	1R”	the	space	of	all	possible	vectors	of	dimen	sion	n.	In	general,	matrix	AP1	is	a	pseudoinverse	of	A,	if	AAPXA	=	A.	But,	-	IMI2	=	Il*-y|l2	=	(*-y)T(*-
y)	=	xTx	+	y	Ty	-	2	x	Jy,	Figure	2.12	Angle	6	between	vectors	which,	compared	with	the	preceding	equation,	yields	*Ty	=	IWI2Hy112cos0.	,k.	We	can	now	address	convex	problems	with	al	most	the	same	ease	as	we	solve	a	linear	system	of	equations	of	similar	size.	2	A	vector	*	of	dimension	n	is	sim	ply	a	collection	of	real	numbers	*	i,*	2	,..	We	can
compute	the	projection	of	a	vector	onto	a	line	defined	by	another	vector,	onto	a	plane,	or	more	generally	onto	a	subspace.	Assuming	that	the	system	has	initial	condition	x(0	)	=	0,	ex	press	the	output	vector	at	time	T	as	a	linear	function	of	u(0),	...,	u(T	—1	);	that	is,	determine	a	matrix	H	such	that	y{T)	=	HU(T),	where	w(0)	U(T)	=	u	(	T	-	1)	contains	all
the	inputs	up	to	and	including	at	time	T	-	1.	Then,	there	would	exist	v	+	2	linear	independent	vectors	V\	,	...,	vv+2,	all	belonging	to	the	nullspace	of	AT	+	pqT,	that	is	(AT	+	pqT)vj	=	0,	i	—1	,...,	1/	+	2,	which	implies	that	AJ	vi	=	-&ip,	oci	=	qTvif	i	=	l	,...,i	/	+	2.	Assume	that	u	G	]Rn	is	a	vector-valued	random	variable,	with	zero	mean	and	covariance
matrix	In.	That	is,	lE{u}	=	0,	and	E{uuJ	}	—In.	1.	The	horizontal	lines	occur	at	row	indices	100,	200,	and	230,	and	the	vertical	ones	at	column	indices	50,	230.	Suppose	then	that	there	is	another	el	ement	in	{S	\	x(m)},	say	x^m~l\	that	can	be	be	written	as	a	linear	combination	of	elements	in	{S	\	*(m),	x(m_1)}.	Optimization	1.1	is	a	technology
Motivating	examples	We	next	describe	a	few	simple	but	practical	examples	where	opti	mization	problems	arise	naturally.	The	profit	for	the	refinery	is	$0.10	per	barrel	for	jet	fuel	and	$0.20	per	2	O	PT	IM	IZ	A	T	IO	N	M	ODELS	barrel	for	gasoline.	We	can	write	this	system	of	equations	in	compact	form	exploiting	the	matrix-vector	product	rule,	as
follows:	1	\	'	i	0	0	0	I____	0	0	O	Mt-*	0	OJIl-KjJlH-*	'	0	1-------	74	X\	,	*2	X=	*3	.	When	the	angle	6	is	0°,	or	±	180°,	then	x	is	aligned	with	y,	that	is	y	—	ccx,	for	some	scalar	oc,	i.e.,	x	and	y	are	parallel.	P.	Students	and	practitioners	will	learn	how	to	recognize,	simplify,	model	and	solve	optimization	problems	-	and	apply	these	basic	principles	to	their	own
projects.	Some	problem	classes,	such	as	finding	a	solution	to	a	finite	set	of	linear	equalities	or	inequalities,	can	be	solved	numerically	in	an	efficient	and	reliable	way.	The	zero	vector	is	simply	denoted	by	0,	or	sometimes	with	0n,	when	we	want	to	highlight	the	fact	that	it	is	a	zero	vector	of	dimension	n.	The	notation	/	:	R	n	-*	R	allows	us	to	define	the
input	space	precisely.	The	above	analysis,	however,	is	limited	by	the	assumption	of	diagonalizability	of	X.	Exercise	3	4	(Linear	dynamical	systems)	Linear	dynamical	systems	are	a	common	way	to	(approximately)	model	the	behavior	of	physical	phenomena,	via	recurrence	equations	of	the	form16	x	(	t	+	1	)	=	Ax(	t	)	+	Bu(t),	y(t)	=	Cx(t),	t	=	0	,1	,2	,...,
where	t	is	the	(discrete)	time,	x(t)	£	lRn	describes	the	state	of	the	system	at	time	t,	u(t)	£	RP	is	the	input	vector,	and	y(t)	£	lRm	is	the	output	vector.	1.2.3	Local	vs.	Rigorously,	the	notation	"inf"	should	be	used	instead	of	"min"	(or,	"sup"	instead	of	"max")	in	situations	when	one	doesn't	know	a	priori	if	optimal	points	are	attained.	A	further	interesting
property	is	that	a	rank-one	perturbation	can	not	alter	the	rank	of	a	matrix	by	more	than	one	unit.	Votes	should	therefore	be	weighted,	rather	than	merely	counted,	and	the	weight	should	be	related	to	the	score	of	the	pointing	page	itself.	Let	g	be	an	affine	map	of	the	form	g(x)	=	Ax	+	b,	for	A	£	lRm'n,	b	£	1RW.	Efficient	packages	written	in	FORTRAN,
such	as	UNPACK	and	LAPACK,	embodied	the	progress	on	the	algorithms	and	became	available	in	the	80s.	2.2.3.3	Orthogonal	complement.	Hessian	of	a	quadratic	function.	The	swarm	positions	are	therefore	described	by	the	vector	r	A	/	r	(l)	y	(l)	y	(2)	y	(2)	j	0	*2	/	^	/	A£	/	•	•	•/	of	dimension	2m;	see	Figure	2.2.	(m)	(m)x	/	*^2	/	Figure	2.1	Cartesian
representation	of	a	vector	in	R3.	,	m	.	In	the	6	0	S	-	7	0	S	,	a	lot	of	attention	was	devoted	to	nonlinear	opti	mization	problems.	Then,	the	composite	function	cp	:	R	”	-*	R,	with	values	(p(x)	=	f(g{x))f	has	a	gradient	V	R	m	can	be	approximated	by	an	affine	map,	in	the	neighborhood	of	a	given	point	Xo	(at	which	/	is	differen	tiable),	as	f(x)	=	f	(	x	o	)	+	Jf	(	xo
)	(	x	-	x	o	)	+o	(	\	\	x	-	x	o	\	\	)	,	where	o(	\\x	—xq||)	are	terms	that	go	to	zero	faster	than	first	order	for	x	-»	xq,	and	where	Jf(x0)	is	the	Jacobian	of	/	at	xo,	defined	as	M.	Karl	Friedrich	Gauss.	In	the	meantime,	researchers	recognized	that	these	methods	could	fail	to	find	global	minima,	or	even	to	converge.	3.2.3	Range,	rank,	and	nullspace	Range	and	rank.
(c)	Obama	Urges	China	to	Check	North	Koreans.	We	say	that	a	point	x	is	e-suboptimal	for	problem	(1.2)	if	it	is	feasible,	and	satisfies	P*	<	fo(x)	<	p*	+e.	We	thus	conclude	that	(3.5)	was	contradicted,	so	the	proposi	tion	stands	proved.	In	the	last	two	decades,	there	has	been	a	renewed	interest	in	the	field	of	optimization	and	its	applications.	The	overall
problem	can	be	modeled	as	a	nonlinear	optimization	problem.	p*	=	mj	n	/o	M	S.t.l	X	G	X.	With	this	view	in	mind,	we	titled	our	book	Optimization	Mod	els,	to	highlight	the	fact	that	we.	Choose	the	store	that	is	closest	to	you	from	the	list,	and	click	on	the	name.	□	Example	3.5	(Eigenvectors	and	the	Google	PageRank)	The	effectiveness	of	Google's	search
engine	largely	relies	on	its	PageRank	(so	named	after	Google's	founder	Larry	Page)	algorithm,	which	quantitatively	ranks	the	importance	of	each	page	on	the	web,	allowing	Google	to	thereby	present	to	the	user	the	more	important	(and	typically	most	relevant	and	helpful)	pages	first.	First	published	2014	Printed	in	the	United	States	of	America	by
Sheridan	Books,	Inc.	The	least-squares,	LP,	and	(convex)	QP	models	are	examples	of	tractable	convex	optimization	problems.	Assume	we	want	to	find	a	vector	*	E	such	that	n	£	AijXj	=	bir	i	—1,...,	m.	In	addition,	the	following	conditions	must	be	met.	99	100	O	PTIM	IZA	T	IO	N	MODELS	Example	4.4	(Hessian	matrix	of	afunction)	The	Hessian	of	a	twice
differen	tiable	function	/	:	Rn	—>R	at	a	point	*	E	dom	/	is	the	matrix	containing	the	second	derivatives	of	the	function	at	that	point.	The	monomials	in	q(x)	of	degree	two	can	also	be	written	compactly	as	x\	+	2*1*2	+	3*2	=	^*TH*.	We	then	conclude	that	j	7^	i	implies	U{	£	(pj.	A	geometrical	intuition	for	the	theorem	is	provided	in	Figure	3.4.	Figure	3.4
Illustration	of	the	funda	mental	theorem	of	linear	algebra	in	R3.	Apply	this	result	to	the	continuous	map	f(x)	=	with	S	being	the	probability	simplex	(which	is	indeed	convex	and	compact).	Of	course,	this	statement	needs	to	be	qualified.	Early	contributors	include	Von	Neumann,	Wilkinson,	Householder,	and	Givens.	This	early	algorithmic	result	was	an
exception	in	the	optimization	landscape	in	eighteenth	century	Europe,	as	most	of	the	development	of	the	field	remained	at	a	theoretical	level.	Subject	to	statutory	exception	and	to	the	provisions	of	relevant	collective	licensing	agreements,	no	reproduction	of	any	part	may	take	place	without	the	written	permission	of	Cambridge	University	Press.	The
eigenvalues	of	A	£	IRn,n	are	thus	the	roots	of	the	characteristic	polynomial.	This	fact	can	be	easily	proved	by	observing	that	every	x	E	TZ(Ar	)	is,	by	definition,	a	linear	combination	of	the	rows	of	A,	that	is,	it	can	be	written	as	x	—ATy	for	some	y	E	Rm.	Hence,	xTz	=	(Ar	y)r	z	=	yTAz	=	0,	Vz	E	N{A).	As	with	linear	algebra,	recent	interfaces	to	convex
optimiza	tion	solvers,	such	as	CVX14	or	YALMIP13,	now	make	it	extremely	easy	to	prototype	models	for	moderately-sized	problems.	In	this	section,	we	briefly	discuss	how	certain	simple	geometric	shapes,	such	as	lines	and	cubes	in	W1,	are	mapped	by	the	transforma	tion	y	=	Ax,	and	use	these	geometric	interpretations	to	introduce	the	concepts	of
determinants,	eigenvalues,	and	eigenvectors	of	a	square	matrix.	For	a	senior-level	undergraduate	course	on	linear	algebra	and	ap	plications,	the	instructor	can	focus	exclusively	on	the	first	part	of	this	textbook.	1.4	1.4.1	History	Early	stages:	birth	of	linear	algebra	The	roots	of	optimization,	as	a	field	concerned	with	algorithms	for	solving	numerical
problems,	can	perhaps	be	traced	back	to	the	ear	liest	known	appearance	of	a	system	of	linear	equations	in	ancient	China.	3.2.4	The	fundamental	theorem	of	linear	algebra	The	so-called	fundamental	theorem	of	linear	algebra	is	a	result	that	establishes	a	key	connection	between	the	nullspace	of	a	matrix	and	the	range	of	its	transpose.	Example	2.6
(Rate	of	return	of	afinancial	portfolio)	The	rate	of	return	r	(or	return)	of	a	single	financial	asset	over	a	given	period	(say,	a	year,	or	a	day)	is	the	interest	obtained	at	the	end	of	the	period	by	investing	in	it.	Show	that	the	number	of	triangles	in	G	is	equal	to	the	trace	of	A3	divided	by	6.	A	fundamental	operation	that	can	be	defined	between	two	vectors	is
the	inner	product.	A	good	command	of	linear	algebra	and	matrix	theory	is	essential	for	understanding	convexity,	manipulating	convex	models,	and	develop	ing	algorithms	for	convex	optimization.	Consider	the	quadratic	function	(a	poly	nomial	function	is	said	to	be	quadratic	if	the	maximum	degree	of	its	monomials	is	equal	to	two)	q(x)	—x2	+	2.X\X2
~l“	3*2	~l“	4X\	-I-	5x2	6.	2	.2	.1	Euclidean	length	and	general	i	p	norms	2.2.1.1	The	concept	of	length	and	distance.	A	special	one	is	the	so-called	standard	basis	for	]R3,	which	is	given	by	1	1We	use	the	notation	A	\	B	to	denote	the	difference	of	two	sets,	that	is	the	set	of	elements	in	set	A	that	do	not	belong	to	set	B.	We	would	also	limit	the	scope	of
Chapter	8,	in	particular,	exclude	the	material	on	duality	in	Sec	tion	8.5.	For	a	graduate-level	course	on	convex	optimization,	the	main	material	would	be	the	second	part	again.	Book	outline	The	book	starts	out	with	an	overview	and	preliminary	introduction	to	optimization	models	in	Chapter	1,	exposing	some	formalism,	specific	models,	contextual
examples,	and	a	brief	history	of	the	optimization	field.	He	used	the	method	to	accurately	predict	the	trajectory	of	the	planetoid	Ceres.	Vectors	can	be	thus	used	to	provide	a	frequency-based	representation	of	text	documents;	this	representation	is	often	referred	to	as	the	bag-of-words	representation.	Vandenberghe,	Con	vex	Optimization,	Cambridge
Univer	sity	Press,	2004.	This	would	mean	that	AuM	=	Aju^	=	Az-wW,	hence	Ay	=	A*,	which	is	impossible	since	the	As	are	distinct.	If	two	nonzero	vectors	x,y	are	visualized	as	two	points	in	Cartesian	space,	one	can	consider	the	triangle	constituted	by	x,y	and	the	origin	0;	see	Fig	ure	2.12.	The	few	examples	below	further	illustrate	the	usefulness	of	the
con	cept	of	the	standard	inner	product	between	vectors.	4	In	the	optimization	problem	of	Ex	ample	1.1,	the	feasible	set	is	the	"box"	in	R2,	described	by	—1	<	x\	<	2,	0	<	x2	<	3.	It	should,	however,	be	noted	that	not	every	non-convex	optimiza	tion	problem	is	hard	to	solve.	D	edicated	to	Louis,	A	lexan	dre	and	C	am	ille	L.	For	similar	reasons,	we	only
con	sider	problems	with	non-strict	inequalities.	Given	a	nonzero	vector	y	e	R	n,	consider	the	problem	of	finding	some	vector	x	e	Bp	(the	unit	ball	in	£p	norm)	that	maximizes	the	inner	product	xTy:	that	is,	solve	max	xTy.	\\x\\p'>)	i=l	=	YK	aiX^	'	“y	ll^	ll2	=	0/	i=l	it	would	follow	that	oc{	—	0	for	all	j	=	1	,...,	d,	which	contradicts	the	hypothesis.	Sub-
optimality.	Figure	1.8	is	a	three-dimensional	rendition	of	the	level	sets	of	a	protein's	energy	function.	Note	that	a	subspace	always	contains	the	zero	element.	.,	n,	denote	the	importance	score	of	page	k.	Bertsekas,	Nonlinear	Optimiza	tion,	Athena	Scientific,	1999.	A	point	x	is	said	to	be	optimal	if	it	belongs	to	the	optimal	set,	see	Figure	1.2.	When	is	the
optimal	set	empty?	In	the	70s,	practical	linear	algebra	was	becoming	inextricably	lin	ked	to	software.	What	is	the	interpretation	of	the	range	of	H?	One	of	the	reasons	for	which	general	non-convex	problems	are	hard	to	solve	is	that	they	may	present	local	minima,	as	illustrated	in	Figure	1.3.	This	is	in	contrast	with	convex	problems,	which	do	not	suffer
from	this	issue.	In	an	optimization	problem,	we	are	usually	interested	in	computing	the	optimal	value	p*	of	the	objective	function,	possibly	together	with	a	corresponding	minimizer,	which	is	a	vector	that	achieves	the	opti	mal	value,	and	satisfies	the	constraints.	(3.16)	Hint:	use	the	fundamental	theorem	of	linear	algebra.	This	set	is	again	a	subspace.
Not	all	convex	problems	are	easy,	but	a	(reasonably	large)	subset	of	them	is.	Suppose	/	:	Rm	-*	R	is	a	dif	ferentiable	function	in	n	variables	z	=	{z\	,	...	lse	:	Rn	—»	R,	taking	values	cT	=	[4	5],	d	—6.	The	set	of	vectors	in	X	that	are	orthogonal	to	S	is	called	the	orthogonal	complement	of	S,	and	it	is	denoted	by	i?j	.	This	fact	is	known	as	the	spectral
mapping	theorem.	In	a	frank	discussion.	In	mathe	matical	terminology,	we	say	that	that	Pn-	\	is	a	vector	space	isomorphic	to	the	standard	vector	space	Rn.	2.1.2.3	Subspaces	and	span.	Let	a	j,	.	Let	g	be	an	affine	map	as	in	the	previous	point,	let	/	:	lRn	-»	1R	(a	scalar-valued	function),	and	let	h{x)	=	f(g{x)).	As	shown	in	Figure	2.25,	the	half-space	H_	is
the	region	delimited	by	the	hyperplane	H	=	{aTx	=	b}	and	lying	in	the	direction	opposite	to	vector	a.	11	This	algorithm	is	discussed	in	Sec	tion	3.5.	12	See,	e.g.,	Bertsekas	and	Tsitsiklis,	Parallel	and	Distributed	Computation:	Numerical	Methods,	Athena	Scientific,	1997.	J.	Also	available	to	purchase	from	these	educational	ebook	suppliers	Giuseppe	C.
an\.	Show	that	it	holds	for	any	matrix	A	and	vector	x	that	|Ax|	<	|A||x|,	where	|A|	(resp.	The	set	of	probability	vectors	in	lRn	is	thus	the	set	S	=	{x	£	lRn	:	x	>	0,	1Tx	=	1	},	which	is	called	the	probability	simplex.	Contents	Preface	1	Introduction	1.1	1.2	1.3	1.4	Motivating	examples	Optimization	problems	Important	classes	of	optimization	problems
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design	16.5	Supply	chain	management	16.6	Exercises	Index	600	606	609	613	622	627	Preface	a	branch	of	applied	mathematics	con	cerned	with	the	minimization	or	maximization	of	a	certain	function,	possibly	under	constraints.	If	x(k),	k	=	1,...,T,	describes	the	numerical	value	of	the	quantity	of	interest	at	time	k	(say,	k	indexes	discrete	intervals	of
time,	like	minutes,	days,	months,	or	years),	then	the	whole	time	series,	over	the	time	horizon	from	1	to	T,	can	be	represented	as	a	T-dimensional	vector	x	containing	all	the	values	of	x(k),	for	k	=	1	to	k	=	T,	that	is	x	=	[x(l)	x(2)	■■■	x	(T)]	t	€	IRt	.	We	hope	that	the	community	of	researchers	who	have	contributed	to	this	fascinating	field	will	find	solace
in	the	fact	that	the	success	of	an	idea	can	perhaps	be	measured	by	a	lack	of	proper	references.	It's	self-contained	and	fairly	complete.	A	fuller	story	on	factorization	is	given	in	the	next	two	chapters.	Figure	3.12.	It	can	actually	be	proved	that	A	=	1	is	indeed	an	eigenvalue	of	A,	for	any	link	matrix	A	(provided	the	web	has	no	dangling	pages),	due	to	the
fact	that	A	is,	by	construction,	a	so-called	column	stochastic	matrix,11	that	is	a	matrix	with	non-negative	entries	for	which	the	sum	of	the	elements	over	each	column	is	one.	In	this	case,	the	shortest	distance	from	0	to	x	is	given	by	the	sum	of	the	absolute	values	of	the	components	of	x:	Length	of	x	(along	orthogonal	grid)	=	|*i|	+	\xi	\	+	----	Y\xn\.	The
second	part	contains	a	core	section	of	the	book,	dealing	with	optimization	models.	It	all	started	in	1967	when	founder	Manuel	Capo	fled	Cuba	with	two	of	his	seven	sons.	Usually,	once	a	matrix	is	suitably	factorized,	several	quantities	of	interest	become	readily	accessible,	and	subse	quent	computations	are	greatly	simplified.	If	A	is	nonsingular,	then
the	factors	Q,	R	are	uniquely	defined,	if	the	diagonal	elements	in	R	are	imposed	to	be	positive.	Yu.	Nesterov,	Introductory	Lectures	on	Convex	Optimization:	A	Basic	Course,	Springer,	2004.	It	is	readily	checked	that	X	0	y	is	itself	a	subspace.	Let	(pi	=	J\f(\iln	—A),	and	let	wW	be	any	nonzero	vectors	such	that	u^	£	(pi,	i	=	1,...	2.1.2.1	Sum	and	scalar
multiplication	of	vectors.	Figure	3.18	An	undirected	graph	with	n	=	5	vertices.	Similarly	the	half-space	H++	is	the	region	lying	above	(i.e.,	in	the	direction	of	a)	the	hyperplane.	,n,	which	correspond	to	the	components	of	the	gradient	of	/	,	give	the	coefficients	of	influence	of	X	j	on	/	.	Quadratic	programming	problems	(QPs	for	short)	are	an	exten	sion	of
linear	programming,	which	involve	a	sum-of-squares	function	in	the	objective.	^The	standard	inner	product	is	also	often	referred	to	as	the	scalar	product	(since	it	returns	a	scalar	value),	or	as	the	dot	product	(since	it	is	sometimes	denoted	by	x	•	y).	In	recent	years,	some	researchers	have	proposed	to	express	the	problem	as	an	optimization	problem,
involving	the	minimization	of	a	potential	energy	function,	which	is	usually	a	sum	of	terms	reflecting	the	interac	tions	between	pairs	of	amino-acids.	In	this	example,	the	eigenspace	fa	=	J\f(In	—	A)	associated	with	the	eigenvalue	A	=	1	has	dimension	one,	and	it	is	given	by	/	"	12	‘	\	4	9	A(A)	=	A(An)	U	A(A22).	He	was	an	experienced	furniture	maker	and
opened	the	first	store	with	a	$10,000	loan	from	the	Small	Business	Administration.	Multiplicities	and	eigenspaces.	F.	•	0	where	9	This	fact	is	readily	proved	by	constructing	the	characteristic	poly	nomial	of	a	matrix	B	=	P~	1AP,	since	0	Ak	L	Proof	The	fact	that	Vj	<	pi	has	already	been	proved	below	Eq.	(3.6).	In	all	the	rest	of	this	book	we	deal	with
finite	dimensional	vector	spaces,	that	is	with	spaces	having	a	basis	of	finite	cardinality.	Eigenvectors	are	simply	directions	in	Cn	that	are	angle-invariant	under	A.	In	this	ap	proach,	a	page's	score	can	be	interpreted	as	the	number	of	"votes"	that	a	page	has	received	from	other	pages,	where	each	incoming	link	is	a	vote.	With	China's	de	but	in
international	standardized	testing,	Shanghai	students	have	sur	prised	experts	by	outscoring	counterparts	in	dozens	of	other	coun	tries.	on	the	diagonal,	where	A*	is	a	distinct	eigenvalue	of	A,	and	Vi	is	the	dimension	of	the	associated	eigenspace.	1.4.6	17	13	Yu.	Nesterov	and	A.	Also,	X	=	L/1V1T,	where	U\	contains	by	columns	a	basis	for	the	eigenspace
of	X	associ	ated	with	A	=	1,	and	V\	is	such	that	U\	=	7,	and	Ui	=	0	for	all	eigenvectors	U[	of	X	associated	with	eigenvalues	A/	^	1.	This	led	to	an	intense	research	activity	into	the	so-called	stability	of	algorithms,	and	associated	perturbation	theory.9	In	that	context,	researchers	recognized	the	numerical	difficulties	associated	with	cer	tain	concepts
inherited	from	some	nineteenth	century	physics	prob	lems,	such	as	the	eigenvalue	decomposition	of	general	square	matri	ces.	86	O	PTIM	IZA	T	IO	N	MODELS	where	the	last	equality	follows	from	the	fact	that	we	can	divide	both	terms	in	the	fraction	by	the	(nonzero)	norm	of	u.	However,	for	a	generic	matrix	A	G	IRm,w,	a	generalized	inverse	(or,
pseudoinverse)	can	be	defined.	Present	In	present	times	there	is	a	very	strong	interest	in	applying	optimiza	tion	techniques	in	a	variety	of	fields,	ranging	from	engineering	de	sign,	statistics	and	machine	learning,	to	finance	and	structural	me	chanics.	•	The	book	can	be	used	both	in	undergraduate	courses	on	linear	al	gebra	and	optimization,	and	in
graduate-level	introductory	courses	on	convex	modeling	and	optimization.	In	addition	to	regular	items	for	sale,	the	online	shop	offers	sales	much	like	you’d	find	in	stores.What	Does	El	Dorado	Furniture	Sell?Of	course,	El	Dorado	Furniture	sells	furniture	for	practically	every	room	in	the	house.	Are	there	classes	of	problems	out	there	that	are	nonlinear
but	still	easy	to	solve?	The	following	corollary	holds.	Let	/	:	lRm	-»	1R*	and	g	:	lRn	-»	lRm	be	two	maps.	Elements	above	the	diagonal	in	a	symmetric	matrix	are	thus	identical	to	corresponding	elements	below	the	diagonal.	As	an	exam-	VE	C	T	O	R	S	A	N	D	F	U	N	C	T	I	O	N	S	33	pie,	consider	the	following	headlines	from	the	web	edition	of	the	New	York
Times	on	Dec.	8	O	PTIM	IZA	T	IO	N	M	ODELS	safely	replaced	by	non-strict	ones,	whenever	the	objective	and	con	straint	functions	are	continuous.	In	the	late	80s,	two	researchers	in	the	former	Soviet	Union,	Yurii	Nesterov	and	Arkadi	Nemirovski,	discovered	that	a	key	property	that	makes	an	optimization	problem	"easy"	is	not	linearity,	but	actually
convexity.	Roughly	speaking,	a	convex	function	has	a	"bowl-shaped"	graph,	as	exemplified	in	Figure	1.4.	Convexity	and	general	convex	problems	are	covered	in	Chapter	8.	VE	CT	O	R	S	A	N	D	F	U	N	C	T	I	O	N	S	49	The	function	is	differentiable	at	all	x	f=-	p,	and	we	have	that	1	V,0(x)	=	(x-p).	With	the	help	of	user-friendly	software	packages,	modelers
can	now	quickly	develop	extremely	efficient	code	to	solve	a	very	rich	library	of	convex	problems.	focus	on	the	"art"	of	understanding	the	nature	of	practical	problems	and	of	modeling	them	into	solvable	optimization	paradigms	(often,	by	discovering	the	"hidden	convex	ity"	structure	in	the	problem),	rather	than	on	the	technical	details	of	an	ever-
growing	multitude	of	specific	numerical	optimization	algo	rithms.	Vectors	are	arranged	in	a	column,	or	a	row.	A	related	problem	is	the	so-called	maximum-variance	problem:	The	above	can	be	used,	for	example,	to	find	a	line	that	best	fits	a	set	of	points	in	a	high-dimensional	space,	and	it	is	a	building	block	for	a	data	dimensionality	reduction	technique
known	as	principal	component	analysis,	as	detailed	in	Chapter	13.	An	interesting	situation	arises	when	the	volume	of	the	transformed	cube	is	zero,	that	is,	when	det	A	—0	.5	In	the	2	x	2	example,	this	happens	whenever	011022	—	a2\a\2r	be.,	when	one	of	the	rows	(or	one	of	the	columns)	is	a	multiple	of	the	other.	A	less	obvious	example	is	the	set	of
single-variable	polynomials	of	a	given	degree.	The	section	on	gradient	descent	for	smooth,	nonconvex	problems	feels	out	of	place,	and	the	analysis	of	the	proximal	gradient	algorithm	is	opaque.	Any	vector	in	R3	can	be	written	as	the	sum	of	two	orthogonal	vectors,	one	in	the	range	of	A,	the	other	in	the	nullspace	of	A	T.	Vectors	u^	\	...,	are	linearly
independent,	since	10	Not	all	matrices	are	diagonalizable.	.,*«.	This	means	that	there	exist	di	rections	in	the	input	space	along	which	all	input	vectors	are	mapped	to	zero	by	A.	The	set	of	all	possible	linear	combinations	of	the	vec	tors	in	S	—	.	The	Hessian	of	q	at	*	is	given	by	a2,	d2q	d2q(x)	dxjdxj	a2,	^X2dX\	dx\dx	2	cfq	dx\	1	"	2	2	2	6	For	quadratic
functions,	the	Hessian	is	a	constant	matrix,	that	is,	it	does	not	depend	on	the	point	x	at	which	it	is	evaluated.	The	optimal	set	is	the	singleton	0	has	the	same	optimal	set	as	min	((*1	+	l)	2	+	(*2	—2	)2)	s.t.:	X\	>	0.	Figure	3.3	Graphical	illustration	in	R2	of	how	points	along	lines	and	circles	are	mapped	by	the	linear	transforma	tion	y	=	Ax.	Interestingly,
one	may	discover	by	numerical	experiments	that	there	are	in	this	example	two	input	directions	u^l\	u	^	that	are	angle	invariant	66	O	PTIM	IZA	T	IO	N	MODELS	under	the	map	defined	by	A.	Sometimes	an	objective	function	is	not	provided.	We	denote	the	set	of	such	vectors	by	Cn.	To	transform	a	column-vector	x	to	row	format	and	vice	versa,	we
define	an	operation	called	transpose,	denoted	by	a	superscript	T:	xT	=	[	X2	•	•	•	xn	j	;	xTT	=	X.	Prove	that	p(A)	=	0	holds	in	general,	i.e.,	also	for	non-diagonalizable	square	matrices.	Such	platforms	hid	the	FORTRAN	packages	developed	earlier	behind	a	user-friendly	interface,	and	made	it	very	easy	to,	say,	solve	linear	equations,	using	a	coding
notation	which	is	very	close	to	the	natural	mathematical	one.	Some	exposure	to	engineering	or	economics	may	help	one	to	better	appreciate	the	applicative	parts	in	the	book.	Another	important	effort	involves	sub-sampling	algorithms,	where	the	input	data	is	partially	loaded	into	memory	in	a	random	fashion.	Let	S	i	=	A	n	~	M2A22	^	21	/	S	2	=	A	22	~
A	2	i	A	^	1	A12,	then	An	A2i	An	A22	—1	r	s~	l	—A22	A21S1	S	f1	-	s	^	a	21a	^	-	A	h1Ai	2S2	1	S-1	^2	-	s?	Part	II	closes	in	Chapter	12,	with	a	detailed	description	of	a	selection	of	important	algorithms,	including	first-order	and	coordinate	descent	methods,	which	are	relevant	in	large-scale	optimization	contexts.	El	G.	Exercise	3.9	(Frobenius	norm	and
random	inputs)	Let	A	G	]Rm'n	be	a	matrix.	The	value	of	the	objective	function	at	that	point	is	not	necessarily	the	(global)	optimal	value	of	the	problem.	Lall)	at	Stanford	Uni	versity,	and	of	EE236a,	EE236b,	EE236C	(L.	Symmetric	matrices	and	their	special	properties	are	treated	in	Chapter	4,	while	Chapter	3	discusses	the	singular	value	decomposition
of	general	ma	trices,	and	its	applications.	2.	One	is	that	the	problem	is	infeasible,	i.e.,	X	itself	is	empty	(there	is	no	point	that	satisfies	the	constraints).	(b)	In	Tax	Deal	With	G.O.P.,	a	Portent	for	the	Next	2	Years.	They	are	popular	in	many	areas,	such	as	finance,	where	the	linear	term	in	the	objective	refers	to	the	expected	negative	return	on	an
investment,	and	the	squared	term	corresponds	to	the	risk	(or	variance	of	the	return).	Given	two	subspaces	X,	y	in	Rn,	the	direct	sum	of	X	,	y,	which	we	denote	by	X	0	y,	is	the	set	of	vectors	of	the	form	x	+	y,	with	x	£	X,	y	£	y.	global	(black)	minima.	Definition	2.2	An	inner	product	on	a	(real)	vector	space	X	is	a	real	valued	function	which	maps	any	pair	of
elements	x,y	E	X	into	a	scalar	denoted	by	(x,y).	The	expected	value	is	often	denoted	by	Ep{X},	or	simply	E{X},	if	the	distribution	p	is	clear	from	context.	Meyer,	Matrix	Analysis	and	Applied	Linear	Algebra,	SIAM,	2001.	More	recent	decompositions,	such	as	the	singular	value	decom	position,	were	recognized	as	playing	a	central	role	in	many	applica‐
tions.10	Optimization	played	a	key	role	in	the	development	of	linear	al	gebra.	www.cambridge.org	Information	on	this	title:	www.cambridge.org/9781107050877	©	Cambridge	University	Press	2014	This	publication	is	in	copyright.	In	fact,	this	class	comprises	combinatorial	optimization:	if	a	variable	X{	is	required	to	be	Boolean	(that	is,	X{	E	{0,	1}),
we	can	model	this	as	a	pair	of	con	straints	xj	—Xi	<	0,	Xj	—xj	<	0,	the	second	of	which	involves	a	nonconvex	function.	For	example,	the	problem	p*	=	min	e	x	X	has	no	optimal	points,	since	the	optimal	value	p*	=	0	is	only	reached	in	the	limit,	for	x	-»	+00.	With	this	choice,	=	IVr	Let	further	QW	be	a	n	x	(n	—1//)	matrix	with	orthonormal	columns
spanning	the	subspace	orthogonal	to	TZ(U^).	Note	that	this	approach	is	less	direct	than	the	initial	pure	counting	one,	since	now	scores	are	defined	in	an	apparently	circular	way,	i.e.,	page	k!s	score	is	defined	as	a	function	of	other	pages'	scores,	which	in	turn	depend	on	the	score	of	page	k,	etc.	Prove	that	if	A	>	0	then	p(A)	is	actually	an	eigenvalue	of
A	(i.e.,	A	has	a	positive	real	eigenvalue	A	=	p(A),	and	all	other	eigenvalues	of	A	have	modulus	no	larger	than	this	"dominant"	eigenvalue),	and	that	there	exist	a	corresponding	eigenvector	v	>	0	.	This	leads	to	the	general	concept	of	norm	of	a	vector,	which	generalizes	the	idea	of	Euclidean	length.	•	About	a	third	of	the	book	is	devoted	to	a	self-
contained	treatment	of	the	essential	topic	of	linear	algebra	and	its	applications.	/	•Jm)	k2	).	The	Hessian	of	this	function	can	be	determined	as	follows.	(1)	switching	two	rows	or	two	columns	of	the	matrix	changes	the	sign	of	the	function;	(2)	the	function	is	linear	in	each	row	(or	column)	of	the	matrix;	(3)	the	function	is	equal	to	one	for	the	identity
matrix.	Some	parts	of	Chapter	13	include	relevant	applications	of	linear	algebra	to	machine	learning,	especially	the	section	on	principal	component	analysis.	The	prime	stimulus	for	writing	this	book	came	to	us	from	the	thriving	scientific	com	munity	involved	in	optimization	research,	whose	members	gave	us,	directly	or	indirectly,	motivation	and
inspiration.	Hint:	prove	this	by	induction	on	k,	and	look	at	the	matrix-matrix	product	Ak_1A.	,	and	this	can	be	rewritten	in	compact	matrix	form	as	AlfW	=	A/LfW,	z	=	l,...,jfc,	which	is	also	rewritten	as	A	If	=	LfA,	whereby	the	statement	(3.7)	follows	by	multiplying	both	sides	by	l	i	-1	on	the	right.	As	sume	then,	without	loss	of	generality,	that	oc\	^	0,	and
define	vectors	W{	—	1	—(oci+\/oc\)v\,	i	=	1,...	Borwein	and	A.	□	2.2.3.2	Orthonormal	vectors.	Given	a	set	S	=	{	x	^	\	.	The	notation	A	>	0	(resp.	,1/+	1.	Every	point	in	the	in	terval	achieves	the	global	minimum	value	p*	=	—9.84.	Applying	the	Pythagoras	theorem	to	the	triangle	with	vertices	yxxr,	we	have	that	llzlli	=	=	(llylksin0)2	+	(||x||2	-	||y||2cos#)2
ll^lli	+	llylli	—	2	||x	||2	||y||2	c	o	s	0	.	is	linearly	independent.	Another	example	arises	when	the	con	straints	include	strict	inequalities,	for	example	with	the	problem	p*	=	min	x	s.t.:	0	<	x	<	1.	In	the	example	in	Figure	4.1,	assuming	all	weights	are	equal	to	one,	we	would	obtain	0	1	1	1	1	0	0	1	0	0	0	0	10	1	1	0	0	10	11	0	0	1	1	0	1	0	0	0	1	1	0	'	'	_	Also,	the
Laplacian	matrix	of	a	graph	is	defined	as	an	m	x	m	symmetric	matrix	number	of	arcs	incident	to	node	i	W	0	is	the	fraction	of	the	total	wealth	invested	in	asset	k,	then	the	return	of	such	a	portfolio	is	given	by	p	=	rTw.	The	sample	average	of	the	portfolio	return	is	fJw,	while	the	sample	variance	is	given	by	zvTHzv.	Most	are	located	in	Broward	and
Miami-Dade.
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